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Cerhijfmum animi mei dolorem affliBis Se^ 
-renifftmae Patriae Tuae rebus^ Celsissiue Aiyo 
LESCW , Tui adauget moeroris recardatio . t^m 



cum 



cum naturae debtas awmu)^ ad tmfcKfffirMarn 

proclivem , fieri nequaquam potffl , up tamis 

bellorum fiuBibus agitata Kepublica non ingemi- • 

fcas ; praefertim cum de lihertate , & Keligio' 

ne agatur , quarum in bumana vita maxima 

vis eji . Sed dolorem quidem cuilibet in prom" 

ptu efl ujitatis .y (^ ex morali Fhilofopbia dc' 

duBis argumentis temperare : faepius repetita fati 

I 

in rebus bumanis poteflate • lEgo autem , qui \ 

me T^ibi plurimum debere profiteor^ cum me ad* 
junxeris in Comitum Tuorim numerum , qui- 
bufcum de arcams Matbefeos in Italia collai^ue' 
tere , aliam ineundam mibi ejfe rationem duxi , 
'ttt bunc animi Tui fenfum lenirem ^ a Kei- 
publicae ad fludiorum curam egregiam mentem 
Tuam avocando , Haheas itaque baec penitio- 
ris Geontetriae Opufcula , quae Tuo Nomim^ 
Te annuentey infcribo , antiqui obfequii tefles , 



& praefentibm accofnodatum folatium tempori^ 
bus , quae Deus eprimus maximus in melius 

c 

vertat , Vale . 



D. Venetiis Cal. S«pt, A. 1772 
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Amaffons touloors dcs verit^s de Mathemati^ue & de Phy- 
fique au bazard de ce qui en arrivera , ce u' eft pas ri& 
quer beaucoup . II efi certain qu* elles feront puif^es daus un 
fonds d'o6 il en eft d^ja forti un grand noashre qui fe fonC 
trouv^es utiles . Nous pouvons pr^fnmer avec raiion que de ce 
m&me fonds nous en flrerons plufieurs briliances dcs leur naii!^ 
fance, d^une utiiit^ ienfibie, & inconteftable • II y en aura d* 
autres qui attendront quelque temps qu*une fine meditation, oa 
un heureux hazard d^couvre leur ufage. II y en aura, qui prU 
fes fepar^ment feront fteriles , & ne ceCGeront de TStre , ^U0 
quand on s'avifera de les rapprochert M/ de FoMMlki 
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OPUSCULUM I 



MULTIPLEX PARABOlAE , ELLIPSIS , ET 
HYPERBOLAE DESeRIPTlQ QP? 

SEMICIRGUH^ 
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Irculus, propnetatibus , & %uiia Cui> 
varum omDium elegantifiimus , ne- 
dum independeDS a Gonoefl, quippe 
qm bafis. ipio ^ \&. fundamentiim fit 
:i(>iius Goiu;'&d omoes quaqueCoai'- 
cae Sefliones, quae^ab kdc folido pen^ 
denf 5 per folum Circulum , exclii& Cooi fabrica , 
nulio negotio eliciuntur y dummoda Circulus cum re- 
£lis lineis attentius conferatur. Ex hac enim mutua 
collatione, non unicam, imo^o , fed varias defcriben- 
darum Conicarum Seftionum rationes deduxi , qua- 
rum fitepliciorcs ^tat^iue elcgtmiores' , canftruftidni- 
btts geonqetricisi illtt(bat)as.y fumma brevitate: hdc id 
Opufciiio expiofa[i ^ t^^VQvtMt autem jfiiblimiariisr Ghopi 
xnetriae Cultores, me in variis Conicarum Se^^tidQtfKX 
abfcrijjtioiiifaus abfciifaruhl initium in . altem' ^ tantUm 
diametri extreniitate cowftanter collocara ; cum quodt 
iitetaliud.punftuqaivel ia ipla iliam^ro ^ Ht\ intra 
fetoicir^ulum ad idem opus fumere licuiflfet, Ex jque 
facije collijgerit 5 tarnum' femicirculi epe^^utn* ttf^vi 
lineis coUati, longe plures, quam ego indicaverim , 
emergere defcribendaruip earugi ^e£lionurQ ratioi 
nes • 
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C A F U T h 

T^HAtOLAE t>ESC R ITTJO. 

§ 

Fig.u T^Iametfo AB femicirculi ARB , cujos centruw 
1 J e, fit normalis re£la quaelibet DR, & junga^ 
tur BR, fiatque BR : BG : : DB : DP; locus, io 
quo fiint omnia pun6la P eodem modo inventa , erit 
Parabola Apolloniana. 

Sit radius CB =r n, BD =: * , & DP = / ^ 
erit BR r=: x/2 4rx. Qiiare y/zax : a v : x : f ^, 
ideoque /Vtsx :z:z ax ^ 8c liixy »z=:4»x* , fivc 
l^xnr /», quae eft aequatio ad Parabolam, cujus 
vertex punftum B , parameter vero 7 a.Et quo- 
Diam y pofita aWcifla z= la ^ .jRt y zr:i a; erit (er 
juiordinata AK aequolis nadia femicirculi CB* 

• • • 

i, II. 
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Fig. 2. Si agatur R- H tang^s circulum ia quolibet ptm- 
fib B., atqae accipiatar reSst DP media proportio* 
nziisf inter CD^ dt BH; erit ioeus pundorufla: . P Fftf 
rabolal 

Etenim ducatnr radius CR ; erit aaigulus GRH 
re£lus , proindeqoe CD: DR:: DR: DH, nempe 
M * — * : %/( %4H i— *»»):: ^/ (^ i4-x'~^ x» ) t 

■ " 'I ■. — r-T. — DH : idcirco BH = ■■> 

a — X . ■ ■ ^ 

— * Quare /» r:r ( i« -— k ) x 

X 



^ax 



ax[; aequatioad Parabolam, cujus para- 

meter 



iiMfter aeqnaCQr niip CB - Qiaapropter fi tx centro 
C erigatar perpendiculuix]) C£> tranfibic Parabola per 

pimflum £ fecans biiariani circumferendani. ARB> 

• • • » . 

Si producatur diameter AB in H\ ita ut ref(a F/j[. j< 
BH fit aeq^ualis radio femicirculi, &agatQf quaelibee 
re£la HR occurrensremiperiphenae inR, fiatque DP 
aequalis ipfi HR^ puofla P erunt in iegmentp Para* 
bolae KE^ cujus minima remiordinata eric aequarfs 
radio, maxima vera aec^uabit triplum radium jfenii^ 
circuli genitorls» 

Quoniam. re£la DR izr V( za^ — k* ) , erit 

HR m i/'( ii*4- 2^x + X* -H Taiff x* ) rr? 

V( 4ax + a^). QuajHTopter D?=:/z=:V{4ax 
+ if* )> ^ jr* ^= 4^x +, ^*^ quac acquatio ad Par 
rabolani pertfneti. Quia veto 44 x + a^ =z 4<i(x+ 
j;tf ) ^ erit pararaeter Parabolac rr:: 44^ & abfcifla 
mtegrae Parabolae n: x +^ 1 4 ,. cu)u$ pars 1 4 erit 
conftans. Quarc fi accTpratur BQ z=r ^^ , erit pun* 
£lum Qapex Parabolae ae<{uationis tnven tae . Praeterea 
quia reflu HR in punflo B evadit HB^ atque 10 
alio A fit MA^ eut. miniaia (eaaiordinata fegmcQtt 
Parabolici l^ ad^uaiis radio ^ & maxima A £ a^qua* 
lis triplo radia femicircifli ^ feii AH. £t revera^ fi 
in teqaatfone ponatur x::::zo^f dt f z:^ a; d x =z 
la^ evadit / = j## ; ' 

Sft re^ iBdcfioit» BKL normalis extreuutati dk- Fig. 4. 
metTi ABy 8c eic attera. extremifate A dacatarqiuM- 
libet refta> A£y ^^uae occurrat ipfi BK; deiaexcea* 

K % tra 
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tro G agatur GR paraUela reflaeAE, 8t e^t pun6l6 
iaterfe^lioDis H demittatur perpendiculum HD, fiat- 
que A£: EF:: CH: DP; pun6hi P tali padro in< 
venta erunt in Parabola , cujus vertex bifariaoi di- 
videt dimidiam circumferentiam . 

Quoniam CD: CB:: DH: BR, erit a 



, . ^y/ (zax X* ) 

a.i \/(a4x— -X*): ^ :!-z=BR. 

• ^ a X 

« 

Quare BE =r ■ ■ ■ ^ & AE — 

/(^** (a — x)> '> AtveroBE=:AE 

8 rt 3 X — — 4. a » X* 

X EF ; igitur -, ^^ =;= AE« EF 

(„ — *)» 

EFx 1/(^4«* + (^_:^3z J-^^^f' 



8a»x 44»x» 

. j, Y %aix 4«»x* > ^ 

propter, cum fit ex hypothefi AE :.EF:: CH^ 
DP . ent V^( 4«» + (^_^^. j : 

/ 8«Jx 4a*x» \ 

(4t — i«:)*x(^4^'-*' " ' (a — x)» A *'*''' 

j^A*x* tiaiy; proindeque 4a*(ia*x.^ax*) 

(8tf3* — — 4<j[» X» Y 
**** C4^x)t /^ 

4a» 



( ^ — -^ ) 

. — "a X* ziz a^j — ^ 2 i ^7'+ jf x'^ + i axy — -^ x* ^,* 
feu 2 tf ic -^ X * nr a)' ; aequatio ad Parabbfam • 

Conftru6!i6 aiitem aequationis facile invenietur ^ 
duobus adnotatis. Frimum : tunc Parabolam in cir- 
cumferentiarh incufrere, cuni' re6ta'^ AE eft perpeti-' 
dicuUris diametrd AB; etenim hoc in cafu CR efit 
quoque ipfi diametro nofmalis^ adeoque , quia AE' 
=; EF^ erit-CH rr: DP, atque ipfamet DP inci- 
det iri re£lam CH^ codfequenter Parabola occurrec 
peripheriae in pun6lo Q^^.quod bifariam dividit dimi- 
diam circumferentiam ; ' fd quoque ex ipfamet Ana- 
lyQ fatis liquet ^ quia fi ponatur x =z a y emergec 
f zrz a. Atterum: pun£lttm Q^ efle verticem Parabo- 
lae y quia in aequatiode habetur quadratum x^ • Hifce 
perfp^6lis nulla degotioaeqUatio cOnltruitur.. Etenim 
erigatur pefpendiculum CQ^, & ex pu'n6lo P agattir 
PG parallela radio BC, Et quoniam BD 1= x; DP 
=z^ , & parameter ParabolafC =zay erit P G r= a 



— •» 



xy QG=za — ^, 5c QG xa = GP, ideft a^ 
a/Sr^* -i—f 2 dxjj^mx^ yhxiayzzzzax-^ — ^x* • Cae» 
terum animadvertentlum eft y ab eadem aequatione ne- 
dum femiparabolam Q^B ^ verum etiaai atteram o^-^ 
poiitam Q^A, eodom flante abiciffarum initio, deh- 
niri • Nam fi ftac x z=:o=z^az=z^a y proveniet ^ 
±rO — |^:=±:|'^i; fimfliteraue fit 7 liz o riri 1 4 r=! 
^ay fi, podatur xzr: atfr=74r=:|a* Et reverafide- 
fcribatur fenikirciilqs A I N aiteri A Q^B aei^iiaUs . f 
re6la AL an^ulum obtufum cum diametro ABconvi 
pneheddeds dimfdiam" circumfererttiam AlN fecabit^j 
atque perpehdiculo 'NU ociurfet, ejufqner pjtralifrla? 
«rit Cy> &OTquart4 prcfpdrtioaalis polt Ah; Li; 

&CS, 



6 
Sc CSy extremitatefque T reQarum: OT erunt ia 
femiparabola Q A • Erit cnim. T V rr: O.C =r B O 
B C = X — - a ; ideocjue x* — : lax-^a^ zr=:a^ 
ayy nempe lax — :x^::=:ay: hujas rei ratio lutis 
liquet ^ cum. quadratum a^ - — zax +x* emergat 
tam ex radice a — x , quam ex x — a . Quare fi an- 
gulus BAE erit acutus^ habebitur defcriptio femipar 
rabolae QB; fi reftus ut BAM^ vertex Parabolae 
Q; deniq^uc fi obtufus ut B A L ,. oppoilta femipara- 
Boia Q^A emerget : atque ita integro radii C B cir- 
cuitu per totani femiperipheriam BQ^A proveniet 
Parabola BQ^A, cujus parameter ipfemet radiusCB. 

tf. Y. 



^ 



F#g«5c SI erigantur quaelibet perpendiculares DR ^ & 
jungantur BR^ accipianturque re6lae Dp ^ quae finL 
aequales re6lis BR, feu in qualibet conflianti ratio* 
fle cum iifdem BR ; erir locus pun^orum p Para^ 
iK>Ia« 

Etenira fit — - aequalis y vel major , feu minor 

n 

umtate ^ Erit uaque D p ss — ~ y/ 24x f contequea* 

1$ 

ter^= — • X^iax^ 8c y^ :^ tfx« quaeeftai 

fi »» 

Parabokm Be ,; cu|us ^r^roeter — a p verteic 

fUQ^oi fi> & xnaximft SimiordittMZ Ac '4, 

Qvioi $t ta ufdem, perpendiculk DR ruafaatur re- 
^e DP, qoae habesmt; eandemcoQftaateacratioaeiit 
am o^^it^ c\m4*i A& > ^uam habeot 0g) cant 
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aliis BR;,pun£la P erunt »n Parabola AK, quap 
erii: alteri B e ACJ^iialis y cujus initium abfcifiarum erit 
oppofita diametri extremitas A • Qiiapropter quia ap* 
piicatae Dp ad chorclas BR relationem habent ^ & 
cut pariter DP iad AR , vertex Parabolae illarum 
erit punftum- B y harum vero A i. 

Sit — zr: |; igitur ^* zrr ^ ax . Fiat jcrra; 

erit 7*= ^^*) &^zr=ftf\/2; <juare femiordina- 
ta C Q^ irr \ay/ "^ . Sit x nr 2 ^ ; emerget y » nr 
^«» , & 7 = fac=AE. 

Sit rrr:i ; erit y^ :zzi zax. Ponatur x z=: a 

n 

r=r 2ii ; exUrget^* rn^: 2 4* =r 4** > adeoquej' rrr: a \/ 2 
rzr^if 5 coDfe^uetiter CCirr=4\/2, &AErrz2 4^ 

Dcnique Ct -: — ^ t ; proveniet j' * =r 7 4 x . Fiat 

xr^Hiirmz a ; exurget ^» z:xt«* == 4* , & 7 rn? 
4\/-^rrr4. Igitur Cqrrr4\/7,&Ae±r= 4, 

Ex datis peculianbcis circumftantiis ^ quibus adne«> 
xa eft ^uaelibet ha6lenus defcripta FaraboU, ena«^ 
fcuntur peculiares item , & variae hujus Curvae pro^ 
prietates, quas perfpicax, & impiger Geometra pro 
otio vel voluptate elicere per meditationtm poAet • 
Cujus rcr fpecimen exhibere fatis erit in nonnuliis 
fymptomans, quae in Parabolae difcriptione ultimo 
loco exhibitae y cujns parameter aequatur dimidio t^ 
diofemicircuH genitoris^ advertere libuit ;.idque ia 
exemplum caeterarum • Non eoin) tempus ^fl omnia 
confiderare , & exponerd . Quod tum de Parabola ^ 
tum de rcliquis ^ quae confcquuntur , Curvis diftunj 
volo . - ' : » 

L,Si cx punfto interfeftionis Parabolae^ atque cir^ 
cumferentiae f demittatur perpendiculum FG^ hop 

bi- 



fN 
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.V • 

bifariam dividet radinm A C . Et«dim F G = B G x 

AG, &idem tGrr^a xBG=:xAGKBG;quar 

re BG xAG=riAe xBG, &:AG =iAC. ', 

II. Re6la CH, quae }ungit ceatram G, & pua- 

flum H interfe£lionis applicatae GF, atque Farabo- 

lae A K , aequatur (emiordiaatae C q . Eft enim C q 

=:ACxCG, & CH = eG+<rH = 2CG=r; 

2CG xCGzzzAC xCG; undc Cq=:CH, &Cq 
=zCH- 

IIL Si agatur FL tangens circulum in pttn£lo in. 

terfeftionis circumferentiae , &ParabolaeF, efigatur- 

que ex puh£lo L perpendiculum LM, cujus quadra^ 

tura fit dimidium quadrati tangentis FL; pwnftum 

M erit in Parabola Be produfta» Nam GC: CF:: 

• . ' - '. . . •" * ~ * 

CFrCL^ ideoque CA = AL; quare FLzrrFG 

-»-GL = AG^ GB + GB = GBx(AG + GB) = 

AB xBG = 4AG xGB = 2AG X2GB = 2AG 

'••••.■ -^» .. 
K Blk . Ai vero ex hypothefi LM— AG x BLj 

igitur pun6lum M e(l io Parabola BM,. . . , , 

. IV. Jungatur A F ^ & fit G S normalis re^ae A F » 

itemque S T diametro ; pua<^um T «rit ^c us Para, 

boiae AK . Etenim AF = « , FG = \/|a»^& 

AF: FG;: FG: JiS , ideft a: v^l-»»:- V\ «. ? c 

|«=FS;ideoqueAS = AF. — SF = <i-^.|i»=5 

~ a ; quare AG: AS:: AS:AT, nempe.:j a: ^ « : : 

i 4 : -g- « = ^ X X « = A T , confequenter pun6lum T 

eft focus Parabolae A,^K- 
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C A F ^ T IL 

ELLIPSIS DES C R ITTIO. 

^. I. 

SI rtfta D R diametro A B femicirculi A R B per- ^^^* ^* 
pendicularis fecetur in P fecundum quamlibet ra- 
tionem datam ; pun6la P eodem modo determinata 
erunt in Ellipfi Apolloniana. 

Nam fit BDrrrx , 0? = ;^ , radius BC = a^ 
atq[ue ratio data fn ad n. Itaque erit DK = \/ (%ax 

x^ )y & P R = \/ ( 2 a X X* ) - — ji. Igu 

tur DP : PR : : m: », ideft y: V{2 ax x» ) 

. — y\\ m: n^ hinc »/ :rr my/^zax x*) — 

my -^ny^my^zinmV {^1 a x x» ), »*^* +2 nmy* 

mi^m^^y''' ^i^zm^^a X iw*x* , denique (^n* + inm 

+ IW* ^j'* rr:(3; w^ « — m*x)xy quae eft aequatio 
ad Ellipfin, Ponaturxzn o; erit (»*+ 2 » w + fw*)j'* 
r=o, &/ = o:itid9mfiatx!=2a;emergit(»»+ znm 
^m^^^y^zr^z^m^^a^ — 4m*a*mo , &/ zrr o . Quare 
axis major Ellipfis erit 2a- Fiat inodo x=za ; erit 
(»* +2nm^m^)y^ = zm^a^ m^a^ zrzm^a^j 

r \ o ^^ • % zma 

{n^m)y:rzmay &^r=: •; ideoque 



» >4« m n + m 

2 mu z m a 



' ■ >: 



axi minori ^ TandeDn 2 4 

zm^a 

•7 r— zr: pararoetro Ellipfis* Et revera in El- 

(n^^mj^ 

Ijpfi quadratum femiordinatae eft ad re^angulum ex 

fj^gmontis axis , ut parameter ad axem ^, & coq&' 

2m^a 

quenter y» : 2 a x — x» : : . : 2 a ; hinc 

^ "^ (» + w)^ ^ 

2 iw*a 
iay^ziz / \ ^(lapc — x» ) , -im^a^zax 



(» + iw)» 



B 
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^»(»-4-m)», & (zm^a Jfi*x) x^~(«»+ 2 finf^^ 

m^)y^^ prorfus ut fupra# 

Quoniam vero aequatio in hanc refolvitur analo- 

giam »**^2»fii + f»»: 1^(2« x):imx :y^ ^ crit 

quadratum fummae binorum termiDorum datae ratio- 
nis ad reflangulum ex axe majore abfcifla mul£la* 
to in antecedentem datae rationis , ut re£langulum 
ex abfciifa in praefatum antecedentem ad quadratum 
femiordinatae « 

Sit m: »:: i: i; erit 4j^* rrr 2 ax— — x*. Qua* 
re axis minor erit a^ 8c parameter ^a • Itaque £1- 
lipfis fecat bifariara radium CK in pun£lo N^ & 
maxima femiordinata CN aequatur parametro. 

Sit m: fii: 2 : 1 ; emerget py^ =8 4x — 4x*. 
Igitur erit axis minor ^a^ parameter vero ja. 

Quod fi ponatur m : n : : i : o , EllipQs degenera- 

bit in Circuium; habebitur cnioi y* :z:z2ax x^ ^ 

quae ad Circulum pertinet* £t ii fiat m: niio: i^ 
locus pun6lorum P erit diameter BA) quia j^~ p« 

§. 11. 

Si normalis RD ultra diametrum continuetur in 
Q^, ita ut fit RD: DQ^:: m: n\ pun£la Q^ talipa- 
B.0 inventa erunt in £llipfi^ 

£tenim crit V{2ax — x»): y:x m: n; proinde. 

que myzizinV (2 ax x»), & m»/* c= 2 »*4x 

« * X » , quae ad £llipfin fpeftat . Ponatur x rr o rr: 

2a; emerget ^rr o~o, oonfequenter a<f, feu BA 

crit axis major, fi m>n; minor vero, £1 m<n. Fiat 

modo xz:a; erit w»^»z:2 ii»a* n^a^zzn^a^y y* 

n* n , 2 if 

'^:r: a^ ^ 8c y:z=: 4 ; idcoque -—4 crit axis 

iw* m m 

mL 



II 

nllnor, five major^ prout m major, vel minor fue- 

rit quantitate 19 r Demque 2 4 : — a : : — ^ : 

2 M^ 2 n^ 

— — a; qnarg ■ a erit parameter Ellipfis.^ 

Sit m>n. Fiat/zr: — ^; exurget — — a » rr 

wi* tn^ 

'in'^ a X -"^ n* x^ , iw*x* — im»ax nr — • »*4* > 



m 



V(»f» — if») ; proindeiiue BF diftantia alterius 



foci a vertice rr a ^— — \/( iw* . — »» ) , alte- 

III' 

rius autem Bfrr^jfHh — ^^a/(iii* •^ — »*)• 

iw 

Sit m: »:: 5: 3; erit 257*= i%ax 9^^ 9 

confequenter axis minormf a, &parameter=r7j4; 

diftantia vero foci a vertice BF = f 4 , & Bt=: 



\a. 



Quod fi fuerit i9i<if, tum nuUo negotio invenie- 
tur parameter axis majoris , & ideo diftantia foci a 
vertice ope communis formuiae » 

$. IIL 

Si perpendiculum D R producatur in H , ita ut fit 
DR: fcH:: m: »; punfla H eodem modo deteir- 
minata erunt in Eltipfi ^ cujus axis minor erit dia* 
meter B A femicirculi B R A « 

Erit enim RH =:> — V^^i^ax- — -^*);. ideo- 
^ue \/(2ax — x»):^ — \/(2ax — x»)::m:if, 

B 2 & 
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(» + fw)\/(2 ax ^^^mwj^jWi^^rrr^w^ + ^fwif 

4-»«^ )2 ^x — -( iw* +2 mii-Hf}^ )x* ; aequatio ad 

Ellipfin, Fiat xzzia; erit fw»^*n:(iw*+2W» + 

n») 2a» (w»4- 2fw» + «*)a* =: (iw* J^mimn^ 

(m + n) 
n^ja^y & fwj^ 1= {mi^^nj a: adeoq ue y rr: ' a y 

m 

o • T-11- r 2(w + f») 

& axis major Elhpfis ^ ; mmor vero 

m 

. 2(fW+») 2(m + fl) 

2 /x • Denique 2 ^ : — ^^ a : : 4 t 

^ wi m 

2(fW + fl)* . • . . 

•-^ ^ — i-- ^ = pararaetro axis conjugati* 

fW* 

Sit f9a : 19 : : 2 : I ; erit 4 ^^m 18 ^ x — — p x* • 
Igitur axis major 3 a , minor 2 a , & parameter j a • 

Quoniam tres fuperiores defcriptiones ope refta- 
rum DR, Q,R^> & DH fecundum datam rationem 
feftarum in P^ D, & R inveniuntur, hinc quandam 
inter fe habent relationem,^ etfi pluribus ahis ratio- 
nibus difcrepent « 

0. IV. 

Fig^y* Si producatur diameter AB^ & fumatur quaellbet 
B G minor B A , defcribaturque femicirculus A E G ; 
dein erigatur perpendiculum B E , & protrahatur in 
F , ita ut fit BF aequalis diametro BA; tum cx 
quohbec pun6lo circumferentiae R demittatur nor« 
maUs RD, & jungantur RB^ RF , fintque EG , 
G P parallelae reftis F R , B D : punfta P eodem pa- 
Ro inventa erunt in Ellipfi y cu)us axis major erit 
BA, rainor BE^ & parameter BC. 

Sit B£ = ^; erit^BF: BE:: BR: BG> nempe 

%a : 
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ta: b:: \f2ax: =:BG . At vero etiaai 

la 

DR: DPr: BR: BG, idelt \/(iax — -x^): y:: 

bV 2 ax 

y/ 2ax : — ^ — • Igitur jy/ %a^ =2 

2 a 

b}/2ax)i^V(zax x») . , 

^^ -y zay^/ 1 ax-^ibV zax X 

2a ^ 

\/(2ax x^)yZayri:ibVizax^^^x^)^ Sc^a^y^ 

^=:2ah^x — b^x^ y quae eft aequatio ad Elli- 

pfin . Fiat xnrozr:2tf; emergit / irr o zrr o , adeo- 

^ue 2 a erit axis major Eilipiis • Sit xz=:za; erit 

^a^y^ :rz za^b^ a^b* =za^b* ; proindeque^^^ 

=;^* , 8q y=zjb; quare ^zrzBE erit axis minor^ 

b^ 
Et quoniara za: b:: b: > zrzBCy erit BC pa- 

Tameter Ellipfis» 

Superior aequatio hac quoque methodo eruitur ; 
Quoniam AB : BE : : BE : BC; erit AB: BG: : 

AB: BE::BF: BE::BR: BG:: DR: DP::AD 

y.DB: DP; hinc AB: BGt: ADxDB: DP • At 

b^ . b^ 

vero B C = ; ideoque 2 a : — :: %ax — x * : 

za la 

y^y confequenter 2 ay'^ zr: — — { 2 ax — ;c* ) > & 

24 . 

$. V. 

Quod (i fumatur B C major diametro B A , & B F Fig. 8^ 
ipfi BA aequalis ; tum ex pun£lo F agatur re£la 
FRj atque ex alio punfto E refta EG priori FR 

paral- 



paralfela-,, quae* occurrar ^fidae' BR. pratra£Ue' ic 
Gy fitque 6 P parallela' dlamecro B A in D R pro* 
clu£lam incurreos : pun^ P dibaot locum Ellipfis ^ 
eujns axis major erit BE,- jninor BA , parameter 
v€ro BC. 

Nam- hic: quoque BF:: BE::: BK: BG, feu lav 

b^ zax 
• : : yf laxT — — — — ^ :rr- B G r Deinde • quia tri- 

2a 

gona RDB, RFG funr fimilia, erit RG : RB : :' 

PR: RD; & componendo GB: RB:: PD: RD^ 

by/zax 
^itur' cnt :. \^2-4x::^:V(2<f*— — x») f 

i\f z a X 

confequenter y. y/ %a xzr: — -x V ( 2 « x — x * ) 

ic/^a^y"^ "=: ^ah^^ — f»x« ad EUipfin pertincns .. 
Qnainobrem' b r=r B £ erit axis major Elllpris , & 
JBA minor; nam cum fit BX major BF , erit quo- 
que* majbr BA, cui ipfaroet BF aequatur. Quonrara 
Tcro AB: BE:; BE: Be^ lerir BC paramBt^itxi^ 
conjugatiV 

Sr iFOf» accipiatur BC aequaliscliaTnetroBA, tutic 
locus- pun^lorum' P crit eadem femiperipheria A R B y 
quaiKloqiudem* rt£la BF «rit aeqnalis reflae B E^ 
proindieq^ue' bina pttn£la: G,. 5c P incident in R..^ 



T 



_ i 



tC Jt T V X Jli. 

MrVKRMOXAE J>ESCJLlPTlO^ 

}. I. 

PRoducatur aiameter AB in N, ita ut fit BN J^i^«^« 
aequalis radio femicirculi , atque fiat ut dupla 
diameter y nempe 2 AB ad NI), ita quadratum reflae 
N K ad quadratum normalis D P ; pun£la P erunt 
ia fegmento Hyperbolae Apolloaianae , & ^equilaterae 

JR.E. 

Nam fit de jnore AB=2^, BDnrjc, DP=/; 

Erit itaque NK = ND + I^Kl ~^* +2^^+^* •+• 
lax — - X* zrza* «t^4^r^« Quare 4a: a + x : : ^» +» 
4ax:/*, & confequenter 4«/* =:a3 H-a^x+^a» * 

4-4 ax* rra^ + 5^*^+4^^*3 4>*rrii* + 5ax + 

4x*, & ^^» =:x» +|ax+ia* , quae ad Hyperba 

lam aequilateram pertinet . Praeterea axm iit x^ + 

^ax+^a*=:(x+.:^a)x(x + a) = (x+^a)x(x + 

^ a + 1 a ) , diftan tia inter verticem Hyperbolac ^ & ini* 

tium abfciflarom ^rit ^a, & axis^ five parameter \a 

rrHN, quandoquidem in Hyperbola aequilatera 

quaelibet jfemiordmata <eft media proportionaiis inter 

diftantiam verticis Hyperboke ab ipfamet femiordi- 

nata, atque reftam compofitam ex eadem diftantia,& 

axc. Fiatx~or=:a = 2a; cvadit^z±|.4i=: \aVio 

=z{aV%7 ; igitur BR=:t^ 5 CQ=z^a\/ lOy & 

AE=:ja\/a7* eacterum Hyperbolam nequaquam 

femiperipheriac occurrere fatis liquet; enim vero ii 

ponatur zax — x^ rrx* +|:ax+ia*>emci^it xin: 

TTa+t/ ^-^a^ 



$. IL 



%6 



^. U. 



Fig.io. Si fumatur in perpendiculo DK refla DP , cujus 
quadratum eandem habeat relationem ad quadratum 
chordae BK , quam habet refla compofita ex radip 
BC, & abfcifla BD ad triplum radium ; pun6la P 
erunt in Hyperbola fcalena, cujus vertex erit extre- 
mitas diametri B, &: maxima femiordinata A £ aequa- 
lis diametro BA. 

Etenim erit y'^ : zax :: a^ x : ^a ; proindeque 
^ay^ z:=:2a^xJim2ax^y 8c y^ zznja x+ jx^ ad Hy- 
perbolam fcalenam pertinens, At vero i2^*rrr|fl*x + 
jax^; ideoque /* : ( aJ^x )x : : \a\ a . Quapro- 
pter, quia in Hyperbola fcalena quadratum feniiordi- 
natae eft ad re6langulum ex abfciifa in re6lam com- 
pofitam cx eadem abfciffa, & axe tranfyerfo, ut pa- 
rameter ad eundem ^em , erit Uj feu radius axis 
uanfverfus Hyperbolae, & f ^ ejus parameter. Prae- 
tcrea cum fit a: aVjiiaVj : ja^ erit axis conju- 
gatus Hyperbolae z=zaV^^ Ponatur pcznomazrr 

« 

2 a 

2 a ; evadit ^ irr o n: — mz^a ; confequenter pun* 
flum B eft apex Hyperholae ^ & femiordinata A£. 

2a 

rrrAB, aha vero GQ= . Ut autem occur-^ 

fus Hyperbolae cum femiperipheria innotefcant , fiat 
l^x + f :v*=r2ax — '-x^; evadit x^rrrfa + jarrr: 
j ^i = o • Quare Hyperbola occurrit peripheriae irv 
pun£lo B, in quo jcrrro, atque infuper in N, cujus 
abfciffa B H rrr I a . Denique fit^rrr |a;emerget ^a»^ 
mf^x + fx*, X» +4x+|a» ^=77*^*, & xrrr— i- 
7^+^77^*) quae erit diftantia foci a vertice FB, 

§. III. 



Agatar auaelibet NK tangens femicirculum BKAyFh 
& ex punrto K demittatur perpendiculum K D , fit- 
que DP tertia continue proportionalisadCN^&BN; 
punfta P eodem modo determinata crunt in Hy- 
perboia BP* 

Quoniam DN eft tertia proportionalis ad CD, & 

DK, erit eadem DN = '^ ; confequenter 

a 'Pc 

CN=r— ^ , & BNrr ■ '^^ , QuareCNiBN:: 

__, a* ax ax 
BN:: DP, nempe : ■ : : : y 

4 — X a X a X 

a^^y a^x^ a^x^ 

ideoque ^ = - — — --^ j ^ V :=: ■ , 

a X ^* 2«x+x* a^^x 

& a^^y — a^^xyzrr^a^^x^^ feu ay — A^^rrx*, quae 

eft aequatio ad Hyperbolam inter aflymptota • Fiat 

xzznay erit ay -^^^ ay:iz:a^y ideft y rrr ~ r~ 



moo ; quare fcmiordinata CO eft 
I — I o 

infinita • Quamobrem producatur cadem Q^C in R , 

ita ut fit CR aequalis diametro BA , re^laque CR 

dividatur bifariam in H, atque jungatur HB , cui 

fit paralleia RE indefinita : rcftae RQ^, RE erunt 

aflymptota HypcrboJae BPt Etenim ex punflo B 

agatur BM parallela rcflacCR; itaque RMrrrHB 

im/2^i*, & MBzzza^ confequcntcr RMy MB~ 

aV2a^=za^ Vz; deinde BC: DC:: BH : Gli, 

Opmpe ^ : a — ^ x ; ; a V^ ' = ( fl^ — ^) 

a 

Q ^V% 



X \/2=:GH=:FR,;*;F]^=:FG + GD + DP=: 
a^x^yj quandoquidem BG : GH :: BD: DG^ 
adeoqu? BD^DGt Quare fx poaatur R.MxMB 
rrRFxFP; emerget a^\f-z=:(a-r- ^)V z^^ (a + 

*+>)-» ^*=:(« ^^^)(a+x4.^)— a^ ^'dx^^-ajf 

— ^ax — ;^»— x^, & 4^— xjfrjzx'* , prorfus ut 
fupra. Quaproptcr re^angulum conftans^ Hyperbolae 
BP erit a»\/2; proindeque fi accipiatur refta RO , 
quae fit media prcportionalis inter RM, & MB, & 
agatur OL paraliela afTymptotQ R Q ; erit punQum 
L apex Hyperbolae, & LOirrOR latus potentiae . 
Denique advertendum angulum afTymptotorura R ef- 
fe dimidium re£li , quia aequatur angulo externa 
CHB- 

5 • IV, 

Fig.iz. Sit BL aequalis radio BC, & ex punelo L aga- 
tur quaelibet refta L K , cui fit normalis K H , at- 
que ex punfto K demittatur perpendiculum K D , fu- 
maturque DP aequalis interceptae DH ; punfla P 
erunt in Hyperbola BPA. 

Erit enim LD: DK:: DK: DH; ideoque a+x: 

2 a X — "^ X * 

V(2 4x — X*) : : V(2ax — - x* ): rr 

a + X 

DH. At vero DH aequatur applicatae DP . Igitur 
y zrz ' ) & ay + x^ :z:z2 a x - — x * , quae eft 

a + x 

,ad Hyperbolam inter aflymptota. 

Hanc aequationem Leonardo Salimbenio in Mili. 
tari CoUegio Veronenfi Aluranorum omnium leftifTi- 
mo, dum Mathematicis inftitutioniBus , docente cele- 
berrimo Profeflfore Antonio-Mario Lorgna, Viro mi- 
hi aeternum diligendo , & celebrando y fimul imbue- 

bamur^ 
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bamur , conflruendam exhibui , qui fequentem eie- 

gantiffiraam conftruftioncm folerter invenit , quam il- 
li me fateor debere. Ex punfto L erigatur perpen* 
diculum L R aequale duplae diametro B A , & pro« 
ducatur BA in T, ita ut fit AT aequalisradio CA, 
jungaturque RT; erunt RL, RT affymptotaHyper- 
bolae. Epim vero ex B ducatur re£la BE parallela 
reftae TR, fimiiiterque PF, & fit PG normalis re- 
£lae LR. Quoniam vero LX aequatur LR, etiam 
LB erit aequalis reftae LE; ideoque LErr:^^ ER 
=r3«, &BE = \/24». Deinde trigonaPGF, TLR 
funt firailia , confequenter PG rr: GF =: DL =: « + x , 
& PFrr:\/(2^* +4tfx + 2x»). Quapropter BEx 
ERmPFxFR, feu 3 4^/2«» =\/( 2/1* +44^ + 

2x0 xFR; ideo FR=— 7 ^-^ r=r 

\/(2a*+44x + 2x.») 



i'V{ 



2 a^ 



2 a* -i-i4ax + 2 X 
3«* 



3a* 



At veroRF*F<5£=RG=-=^ -+4 +Ar 

a + x 



a + x 



DPr=:>. Igitur^rr^a 



il + X' 



& 



^7 



4^* -i*44x — 4«* -*-— 2tf >f — X»,, feu 

2«x_^x%« Ita Gcxidiicipttlu^ impUcataai 
aequatipnem cxtricavit • 

Ponatur x=:orrr/«rr:2 4 ;' exutget/rrosrrf* 
= 0. Quare Hyperbola occurrit femiperiphfiriae in 
punflis. B) & A; ordinata ver^GN , qvae. ex . ceaf 
tro ducitur, aequatur dimidio radio. Ut autem ma- 
xima applicata O M iaveniator ^ ^diifergotiale 4^ua« 
tionis reperiatur ^ quod erit 4 dy + x i/j^ J^y dx-mr.zad^ 

e 2 



t»-fc- 
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zxdx^ iii qua ft poaatur dy^izzo^ proveniet>iifx 

2 ^ X jc * 

rz: 2ad X -^ zxdxy 8(,jf zr: 2 ^ -.— 2 ;c ^ feu 

:rz: 2 tf 2x^2 a x x ^ rir 2 a^ — — 2 4 x -h 2 a x — 

2x»5 x^+2 ax r=r 2 a * , & x ri: ^i \/ j - — a • Porro 
yzzzxa — * 2 x , ideoque maxirha applicata j^ =: O M 
~ 2 « — 2 ^i i/ 3 + 2 dr rrr 4 ^ — - 2 a \/ j , cii jus ab-^ 
fclfla B = ^^/3 — a. Praeterea fedulo perpenden- 
dUoi ^ verticem Hyperbolae inter panfta B , & M exi- 
lUre : agatur enim M Q^ parallela reffcte T R , & MS 

normaKs^ airyraptoto LR; erit itaque MQrrr^MS 

rr:2 ^{a^aVl ^)* z=z6 a'^^ & MQ^rrr aV 6 • 

At vero conftans retaangulum ~ 5 /i » i/ 2 , confe^en- 

ter latus potentiae Hyperbola^ rz:\/^3^*v/2 < aV6y 
ideft minor rcfta MQ^* Tandem quia LRrrrLT, 
& angulus RLT reftus efl; ^ angulus aflymptotoruxa 
f«mire£lus erit* 

5. V, 

Tig.i^. Pofitis quae in antecedente §.y fi fumatur DP ae- 
qualis hypothenqfae LH; punfta P erunt in Hypef- 
bola aequilatera MPQ^r 

Nam ertt LK=DL + DK=ra? +2dx 4- x« + 

iax — X» =i tf » +4 rf* ;. proiBdequ6 L K rrr 1/ ( tf » 
4«4dx). At vero DL: LK : : LK: LH , nempe 

0^9c:y/{a^^4ax):: \/(^*+4^x): — — I — .rrr 

LH* Qu4niobFem / :it _lff ^ idteft: ayJ^xy r=5 

j. j»+4^?c^ ^uae eft ad Hyperbolaih inter aflym- 

ptoU* 



• 



Kx puD6lo L erigatur perpendicularis LR aequa- 
lis duplae diametro BA, cui fit normalis indefinita 
RF; dein accipiatur B£ aequalis quartae parti radii 
B e : dico re£las R L , R F effe affymptota Hyperbo- 
lae MPQ^, & eaadem Hyperbolam tranfire per pun, 
ftum E. Enlmvero agatur PG parallela re£lae D L ; 
erit ideoPG = DL = a + Ar, &RG — RL — GL 
rz:RL — P^z=:^a — y. At vero quia BE aequa- 
tur quartae parti radii, ideft ^a , erit EL := ^a. 
quapropter RGx GP = RLx LE , feu ( 4.a — y) 

(a + ar_)z=:4fl x|<!r , ^^»* — "J' + 4'*'* ^} = 

-^a» , 4ax-l-4ai ^a^ ^zay + xj^y & ^ax^^a^ 

z^zay-^xjy, ut fupra. Fiat X — oi^azrria; emer- 
git yz=az=\az=^ja, ideoque minima ordinata B M 
aequatur radio BG, & maxima AQ_ crit aequalis 
reftae AL. Tandera fi dividatur angulus LRF bi- 
fariam refla RV; erit V apex Hyperbolae, & VS 
=3SR= 4\/j ktus potentiae. 
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GOLLATIO PARABOLAE CUM 

HYPERBOLA. 




Uamplurimas veritates geometricas ex 
mutua linearum reftarum , five refta- 
rum fimuly & curvarum coUatione re- 
pertas effe, nemo eft qui ignoret. Pro- 
prietates enim fere omnes ad reftas , 
polygona, & circulum pertinentes, quae 
in Euclideis inveniuntur Elementis, ex varia refta- 
rum y feu circuli cum lineis rq£lis combinatione ortas 
effe, fatis liquet. At vero fi curvae cum iifdem cur- 
vis, feu cum curvis, & reflis fimul conferantur, quod 
non admodum in more eft ( modo conftruftiones fu- 
periorum aequationum excipiantur ) y plurima abfque 
dubio provenient., quae Geometriae limites magno 
Mathefecs emolumento valde protendent, Hac itaque 
de cauffa non inutile mihi vifum eft quafdam ve- 
ritates , quas ex duplici Parabolae, & Hyperbolae 
combinatione excerpfi, palam facere, Quoniam vero 
nedum duplici ratione , fed innumeris modis Parabo- 
la cum Hyperbola conferri poteft, infinitae penepro. 
prietates ex fola praediftarum curvarum comparatio- 
ne emergent . Cuique igitur Mathematicarum rerum 
Indagatori haec fublimioris Geometriae jucunda pars 
objicitur, in qua profefto ingenium.fuum magnacum 
laude exercebit^ 
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C J P U T 1. 

PRIMA PUK^SOLAE CVM ItrPEHBOl^ , 

COLLATIO. 

f L 

JF/g.14. Qlt HNK quaelibet Hyperbola Apolloniana, & 
aequilatera, cujus affymptota AB, AO, & ANQ^ 
Parabola Apolloniana per verticem Hyperbolae N 
tranfiens , cujus apex A ; quadratum cujufcunque ab* 
fciffae AC erit ad quadratum refpondentis femiordi- 
natae C£ , ut parameter Parabolae ad applicatam 
Hyperbolae CD. 

Quoniam Parabola tranfit per verticem Hyperbo- 
lae N 5 erit N M =: M A ; confequenter M N crit 
parameter Parabolae. QuareAC: CE::CE; MN, 

& ACt CE:: CE: MN. At vero C E : M N : ; 

AC: AM. Igitur AC: C E : : AC: AM. Scd cft 

quoque AC: AM:: MN: CD; hinc AC ad CE, 
ut M N , five parameter Parabolae , ideft latus po- 
tenpiae Hyperbolae, ad CD. 

5 . II. 

Q^UJd igltur fbpra verticem Hyperbolae N applica^ 
ta C D fchiiordinaiam Parabolae MN excedit, infr» 
vero eundem verticem applicata cd ab ipfamet.MN 
exceditur, hoc confequiiur Theorema : fi AN fuerit 
Parabola aequicruris, fupra punflum M abfciflae a fe- 
miordinatis exceduntur, infra vero idem punftum M 
femiordinatas excedunt . 



*5 

Deducitur quoque ex $• L nihiiutn Geometncum 
muitiplex exidere y feu quodcunque niliilum nequa** 

quam ejufdem generis eiTe • Etenim AC : C £ : ; M N: 



— X 



CD, & 5 pofita abfciffa ACzrro, o: CEr: MN: 
GD. At vero exifteote abfciiTa AC=ro, etiam fe* 
roiordinata C E rzr o. Quare o : o ; : M N : C D . Sed 
cum A C z=: o , applicata C D =r od . Ergo M N erit 
pars infinitefima quantitatis CD , confeque^uter ob 
analogi^m etiam niliilum y quod ex AC emergit , 
erit infinitefimum alterius ex C E provenientis • Idem 
dicendum de quantitatibus infinitis: etenim fi ponar 
tur Aczrr oo, erit oo : oo : : M N : crf; fed ri eft 
quantitas infinitefima relate ad MN; ergo infinitum ex 
ce exurgens erit infinitefimum refpe£lu alterius ex Ac 
emergentis. 

$. IV. 

Tandem quodlibet punftum ad Hyperbolam HKp* .^ 
pertinens , cu;us latus potentiae aequatur parametro Para- ^* 
bolae AQ, ope ejufdem $.1. hac ratione reperitur. Quae- 
ratur ex. gr. applicata Hyperbolae CD, feu pun6lum 
Hyperboiae D , cujus abfcifla A C • £x punflo A 
agatur AE, cujus normalis fit £G , & accipiatur 
A M aequalis lateri potentiae Hyperbolae ^ agaoruiv 
que paralielae CM , GD; erit pun6lum D in Hy- 
perboia KH. £ft enim C£ media proportionalis in- 
ter AC) Sc CG; adebque AC ad CG erit in ra- 
tione dupiicata rationis A C ad C £ , ideft A G : 

CG::AC: C£. At vero eft quoque A M : C D : : 

AC: CG. Quare AM: CD: : AC: C£. Sed AM 

D aequa- 



2J 

aequatur lateri potentiae Hyperbolae, feu parametro 
Parabolae. £rgo CD eA applicata Hyperbolae HK. 

Fig*\/^. Quodlibet folidura genitura ex quadrato feraiordi- 
natae Parabolae C £ in refpoddentem Hyperbolae ap* 
plicatam CD aequatur cubo lateris potentiae MN« 



— » —2 



Quoniam ex . proprietate Parabolae M N : C £ : : 
AM: AC, & ex alia Hyperbolae AM: AC:: CD: 



— » »-2 



MN; erit quoque MN: CE:: CD : MN. Quare 
MN = CExCD. 

$• VL 

Quapropter omnia parallelepipeda praefata ratione 
conftrufla erunt aequalia intdr fe , oempe quodlibet 

quadratum C E du6lum in applicatam C D efficiet pa* 

rallelepipedum CExCD aequale cuicuoque alteri hoc 
pa£lo genitD ; quandoquidem eorum quodlibet cubo 

MN aequatur •: hinc quadrata femiordinatarum Pa- 
raboiae C£, cc erunt in ratioix recip^oca refponden-* 
tium applicatarum Hyperbolae CD^ cdf 

§. vii. - 

Fig.i6. Sit modo Hyperbola HNK cubica ; quodlibet re- 
Rangulum ortum ex femiordinata C£ in parametrum 
Parabolae MN acquabitur rcflangulo ex abfcifTa AC 
In refpondentem Hypefbolae applicatam' CD. 

Quia 



^7 
Quia quadratum Kmiordinatae CE aequatur re- 

ftangulo ex AC in MN, & ex proprietate Hyper- 
bolae cubicae MNzzzACxCD; erit multiplicando 

*— t »-.3 m^Z -— t 

inter fe aequationes CExMN=:AC xDCxMN , 

feu CExMNmACxCD, & extrahendo radicem 
quadratam ex utroque aequationis membro C E x M N 
=:ACxCD; ex qua fequens deducitur analogia AC; 
CE:: MN: CD. 

^ VIII. 

■ 

Quodlibet reflangulum ex refpondentibus applicati^ 
CEy CD genitum efl: aequale quadrato MNc 

Quia Hyperboia eft cubicai erit CD: MN:: MA; 
C A . At vero eft quoque MA:CA:: MN: GEc 
(Jiiare CD: MN:r MNrCE, &:CD:MNr:MMt 
CE^ eonfequenter MNzrCDxCE^ 

$• IK. 

Omnia igitur re£langula orta ex GD io C£ eranc 
aequalia inter fe ; & 'MN «rit media proponionalis 
sntet quamlibet femiordinatam CE^ 5c refpondentem 
applicatam Hyperbolae' GD# 

Quod R Ac fuerit infinita^ eric reflanguluoi #^X^^ 
ertum ex infiDita iemiordinata ec ^ atque 6% alia cd 
' , D a iafi- 
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infinitefima * Sed praefatum reflanguium aequatti^ 



*— 1 



quadrato MN. Quare quodlibet produ6lum ex quan- 
titate infimte(ima in aliam infinitam ( fi tamen quan- 
titas infinitenma eft (ecundi brdinis relate ad infini' 
tam, ut in praefenti cafu ) aequatur quantitati ftni^ 
tAe . Idem dicendum^ fi AG fuerit inBnitefima. 

§. XI. 

Pig*^?* Habetur cic §. VIII. mutua defcnptio Hyperbolatf 
cubicae ope Parabolae, & vicilTim Parabolae ope Hy« 
perbolae . Sit curva BAE Parabola ApoUoniana, & 
C£) feu CB quaelibet femiordinata. Accipiatur refla 
CD) quae fit tertia proportionalis po(l applicatam C £ , 
& parametrum Parabolae^ punflum D erit iu Hyper- 
bola cubica DN</, cujus apex erit pun6lum N; quan- 
doquidem re£langulam ex C£ in CD erit aequaie 

quadrato parametri Paraboiae , ideft M N • Quod (t 
luerit deicripta Hyperbola cubica DVidy fumatur CB, 
tertia proportionalis ad CD, & MN; pun£^um B erit 
in Parabola AB ^ cujos parameter M N ; erit ^niti» 
£i£lum ex BC| feu CE in CD aequale eidem quadra' 

to MN« 

Quoniam qtiodlibet fe^angulum ex B(^ In t^efpod' 
dentem applicatam CD aequatur cuilibet alteri rafi 
ratione conftru£lo ^ hoc confequitur l^Iieorema : femior-^ 
dinatae Parabolae BC ^ ic funt iti ratione r ecipro-' 
<ia refpondentium applicatarum Hyperbolae cubicao 
GDy idi 



^9. 



i, xin. 



Sic CD.quaelibec sppUcata Hyperbolae cubicae , eui 
femiordiaata Parabolae C£ refpoadet; reflangalutn ex 
D£ 10 EC erit aequale reflangalb ex M.N in MC< 

Sit primo applica» CD fupra verticem Hyperbo- 



— « 



lae N. Erit itaque CExCD=MN (0.Vfn.)> feu 

— » ^i 

MN= CE x(CE +ED) = CE+eExED . 
Q,uare erit CExED = MN — CE . At vero CE 

±=AGxMN. lgiturCExED=MN — ACxMN 
==MNx(MN — AC)=MNxMC. 

Sit modo cd iofra verticem N. Quotliant ce rr* 
tAxMN, feucAxMN=:crx(c</-h</tf)=:c«'XC4i 
'{'cexde; trit frx</*=icAxMN — ce%cd , Sed 

fcx*rf==MN. Ergo tf*xi*=r=cAxMN — MN=3 
MNx(cA — MN)=i:MNxcM. 



^. XIV. 

Protraliatur KM. iii Q,, Sc aaatur DP parallela 
txi AM , quae occurrat .lateri MN prpdu6lo , fi opus 
eft ; dico re£langulum ex CD in D£ efTe aequale 
reflangulo ex QP in PN. 

Sit CD fupra apicem N. Quoniam MNzrCD 

xCE (i. VIIL), & Cfi=bexCE + eDxDE, 

feu DCxe£:±iGD— .CDxDlS; erlt MN— CD 

CDh0£. Sed CDzifMP; igitur MN=:M^ 



\ 



CDxDE, & CDxDE = MP — MN = OP 
xPN. 

Sit nunc cd infra verticem NT, Quia MN = r(r 

^* 
%ed=z rrf X ( cd-^dc^^^cdJ^^cd^i^dc; erit rrfx^^ 

zrzMNmri/,^ At vero cdiiziMp; ergo cdxdczr^ 

MN — M/^^rQ^X/^N'^ 

§. XV. 

Frg*.i8. Si ex quolibet punflEo D Hyperbolae cubicae agac- 
tur DQ^normalis appiicatae DC, quae Parabolae in 
punfto Q^ occurrat, & compleatur reftangulum Q^C ; 
erit applicata HyperboJae KB aeq.ualiS' femiordiQatae 
Parabolae EC» 

Nam cum fit re£langulum ex DC in C£ aequale- 
reftangulo ex QB in BK ( §.IX. ), & CDnBQ^; 
erit quoque CEirrBKr 

* 

§. xvr. 

Quapropter fi junganttfr punfla K , E re£ta K E y 
fpztium CJEKB erit r^fVingutum.. Et ^uonia;m CE 
— BK^ & CD^=BQ^; erit tffittm EI>;r:^fcQ^, g^ 
confequenter ft£):angaliKR ex DK in E^C em> a^quaw 
Ic re^langula ex Q^K in Kl B .. ' 

^ • 

$. XVIL . 

* ■ ■ 

fertione geometrica. 
£aL.eBitii reOs GE a^^oaliS': rei^ BiK.(.^Xy.);; 

biac 



hinc CD: MN:i MN: BK ( $. IX. ) : At vero 

CD: MN:: MA: CA, & MN: BK:: BA:MA. 
Igitur MA: CA:: BA: MA, & iavertendo CA: 
MA:; MA: BA, 

f XVIIL 

ke^langulum ex DG in C£ aequatur reilajQgulo 

ex BA in AC. 

•— » 
Quadratum MN aequatur reflangulo ex DC in 

— 2 

C E ( ^. VIII. ) ; pariter idem quadratum M N eft 
aequale fafto ex BA io AC ( $. XVII. ). Quare 
DC>«CE = BAkAC; hinc AC: CE:: DC: BA* 

§. XIX. 

Producatur DC in F, & agatur FG parallela axi' 
AB, quae occurrat lateri MN protrafto; dico re- 
ftanguluni ex DF in FG, fcu FP aequari reftangu- 
lo £B. 

Quoniam tres reftae AB, AM, & AC funt in 
continua proportione geometrica (§.XVIL); erir di- 

videndo, & pcrmutando BM: CM::AM: AC. Sed 

— z — z 

AM : AC : : M N : CE . Igitur erit quoque B M : 



2 —2 
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CM:: MN: CE. At vero MN: CEr: CD: GEj 

uia MN eft media proportionalis inter CD, & CE 
$. IX, ). Quare BM: CM:: CD: CE; & con- 
fequentef erit reftangulum ex BM in CE, feu MK 
aequale re^langulo ex CM in CD, ideft CjP» Sed 
etiam reftangulum EM aequatur rcftangulo MFw 
£rgQ ECxGB=Df xFG. 

' Eadem 



5^ 

£adetn eft demonftratiO) (i applicaCa dc iuerit in* 
fra apicem N ; nifi quod loco reilarum continue pro- 
porticnalium AB, AM, & AG famendae fiint Ac, 
AM, & A^, quae pariter funt in continua propor. 
tione geometrica. 

§. XX. 

Fig.iS. Parallelepipedum ortum ex quadrato abfcifiae AG 
in refpondentem applicatam Hyperbolae CD aequa-^ 
tur cubo femiordinatae Parabolae C£. 
Quia C£ eft media proportionalis inter AC, & 

MN, erit AC: CE:: CE: MN, At vero MN = 

DCxCE. Igitur AC: CE:: CE: DCxCE, con- 

fequentcrAC: eE::CE: DC,& CE = Ae xDC. 

§. XXI. 

Quamobrem quadratum abfciffae AC erit ad qua« 
dratum femiordioatae C£, ut eadem applicata C£ 
ad refpondentem ordinatam Hyperbolae CD; & cu- 

bus feiniordioatae Parabolae CE ad quemlibet alium 

— 3 

ce in ratione compofita quadratorura abfciflarum AC, 
Ar, & refpondentium Hyperbolae applicatarura CD, 

§. XXII. 

^ Quodlibet fpatiumHyperbolico-cubicum CAOHDC 
interminatum aequatur duplo re£^angulo ex paranie- 
tro Parabolac MN in refpondenteni femiordinatani 
CE. 

Nam 



Nam pne&tnm ^tiam HyperDolicum aequatur 
dttplo cubo lateris MN per refpondeQtem applicatam 

•—3 — » 

GD divifo, nempe 2MN: GD . At vero MN ::= 

DCxGE. Quare erit 2MN: GD=2MNxDG)i> 
GE: GD = 2MNxCE; ideoque fpatium GAOHDQ 
erit aequale duplo reflangulo ex MN in G£. 

§. xxin. 

Quapropter fpatium intermiaatum MAOHNM 
tric aequale dupto quadrato parametri Paraboke MN, 
quandoquidem in pun6lo M femiordinata parametro 
aequatur. Quare fi erigatur perpendiculum NP, fpa« 
tium interminatum NFOHN erit aequale quadrato 
AN. Alterum vero fpatium DROHD aequatur re- 
ftangulo AD; nam MNxCE=AGitCD(§.VII.), 

confequenter 2MNxCE!=:2ACxCD, & ACxCD 
= DROHD. 

§. XXIV. 

Spatium Hyperbolico - cubicum NPOHN inter- 

minatum eft inhniteiimnm relate ad aiterum fpatium 

MNKBM pariter interminatum. 

— •» 
Etenim fpatium NPOHN aequatur quadrato MN 

($. XXIII.), & BAOHKB duplo re6languIo ex BQ 

in M N ( $. XXn. ) ; confe^uenter fpatium M N K B M 

erit aequale dupio re£hinguIo ex BQ in MN du- 

{do quadrato MN mulflato , nempe MNKBM=: 

2BQxMN — 2MN. Quapropter erit MNKBM: 

NPOHN:: 2BQXMN — 2MN:MN:: BQ. 

£ MN: 



MN: |MN. At vero' quontitas IMN eft infiBkeft- 
ma reiiatr' ad' BQ — — MN . Srgo etiam fpatiuflB 
N£OHN etit iQfiQitefimuai rffpeflu alterius MNKBM . 

Qui io Analyfit In^itonim Tyroaes adhuc fuot l 
contradi£lionem in ^. ^. X. XXIII. & XXIV. reperi- 
ri forfan autumabunt .. Etenim in $. fuperiori demon- 
ftravimus fpatium N P O H N , nempe quadratum A N 
effc quaiititMena, infidHeQjnam relate ad fpatium 
MNKBM; con^queQMir ideoi fi>atittm MNKBM> 
feu BKHQAB etit quaatitas iofiQtta. Quare du- 
plum re^langulum ex Al^^ ia BK crit quoque fpa« 
tium infinitum ( ^. XXIII. ) , quod vt $. X» dehet efle 
finitum, quia reOi AB eft infinita^ BK vero infi- 
Bitefima. At vero hae^ omnia diluuQtur,, fi adver- 
tatur quantitatem BK non eife infiiHtefimam fecuo- 
di ordinis relate ad quantitatem AB, uti fupponitur 

in $. X. , fed tertii or^inis. Enimvero BQrrr AB 
icMN, ideoque MN: BQ:: BQ: AB. Aft MN 
^ infinitefimt refpe^u ^lterius BQ,; ergo etiam BQ 
erit infinitefima relate ad aliam ABjt confequenter 
MN erit infinitefima fecundi ordinis refpe6lu AB. 
At vero BK efl infinitefima relate ad MN . Igitur 

BK erit infinitefima teitii oniiiQs tQfpe^u quauti- 
tatis AB. 

f. XXVI. ' . 

Ramus Hyperbolae cubicae NH proximior eft af- > 
fymptoto AO) quam ramus NK alteri AB. 

Sumatur AG aequalis re6lae AR, 5c agatur fe- 
miordinata GL. Quoniam ACxCD=MN)cCH, 

& AG 



3S 
& AGxGT=iMN)jGL(i.Vn.); erit.ACKCD: 

AGxGT^: MNxCE: MNxGL. At v«o AC x 

CD: AGxGT:: AC: GT:: RD: GT, & MNx 

CE : MNxGL:: CE:GL. Igitur RD:GT:: 

C E : G L • Sed femiordinata C E minor eft alia G L . 

Ergo etiam RD minor eric GT; proindeqoe ramus 

N H propiaquior eft aflymptoto A O , quam N K al> 

teri AB. 

§. XXVIL 

Quare mirom non eft, fi fpatium MNKBM eft 
infinitum , alterum vero NPOHN finitum y (icuti 
probavimus in §• XXIV, , quamvis utrumque in infi- 
nitum fic produ^lum : fpatia eoim MNKBM , NPOHN 
funt inaequalia, quia rami NK, NH inaequaliter ad 
aifymptota AB^ AO inclinantur. Hinc etiam dedu* 
citur, quod fpatium Hyperboiicum FNH majus eft 
altero FNK. 

§. XXVIIL 

Si fumatur MP aequalis trienti lateiis MN, 8c exFig.ip 
verttce Parabolae A per idem pun£lum P agatnr re^ 
fla A E ufque ad ParaboUm , ducaturque (bmiordina- 
ta £C; erie fpatittm Parabolicum CAE triplum Ipa- 
di Hyperbolico - cubici C A O H N D G intef minati . ' 

Nam AM: MF:: AC: C£ . Sed AM: MP:: 
3:1; igitur erit AG: C£:: i'» i; ideoque 3GB 
=AC. Quapropter (patium Parabolicitm CAE z=: 



mmz ~x 



f ACxeE=:|CE = iCE. Spatium vcro Hyper- 
bolicum eAOHNDC = aMNxCE ( $. XXII. ). 



— » 



Quare fpatium GAE : GAOHNDG : : 2C£ 
2MNxC£:: G£ : MN . At vero AC : GE 

£ 2 G£: 



G£: MN: : AM : MP: : 3 : x • Ergo GAE: 
CAOHNDG:: 3: z,& GAEr^jCAOHNDG. 

$. XXIX. 

Quamobrem quia AG eft tripla reflae CE , GE 
tripla MN, 8c MN pariter tripla re£lae MP, (ea 
quia AG: G£:: CE: MN, & GE: MN:: AM 
(=:MN): MP; erit AG: GE::GE: MN:: MN: 
MP. Quare quatuor re£lae AG, GE, MN, & MP 
funt in continua proportione geometrica. 

C J P U T II, 

JiLTER^ VAtiABOLAE CUM HrVERBOLA 

VOMPjlRATlO, 

^. I. 

f9g%ici,^lt SG tangens verticalis cujuslibet Hyperbolae 
l3 ApoUonianae , & fcaleaae KTH, cujus affympto- 
ta DR) DP angulum acutura RDP comprehendant , 
fitque GF normalis aflymptoto DR; fumma re£la> 
tma GOy DF erit tertia propomonaiis ad latus po> 
tentiae (fyperbolae T£) & dimidium axem tranfver» 
fum DT. 

Demittatur pefpendiculum TY . Quoniam trigd. 
na ODF , TEY funt fimiiia , erit GD -I-DF : 
Gb:: TE4*£Y: TE . Sed TE aequatur re^ae 
ED. Igitur GD-4-DF: GD:: DY: £D , & per- 
mutando GD-i-DF: .D Y: : GD: £D; confequen» 
ter cum fit GD dupla redae £D, erit fumma re- 
^rum GD, DF aequalis duplae re£lae DY. Qua- 

pfopter DTrsGDxDY =:= 2D£xDY = D£ X 

2DY 



lDY=TEx(GD+pF); proindeque TE, DT, 
GD-hDF runi; in contlnua proportione geometrica. 

f . U. 

Si Hyperbola eft aequilatera re£la DF evaQefcit,' 
quia angulus GDS n&os efl; ideoque re£la DG erit 
tertia proportionalis ad T£, & TD: id quod etiam 
patet exjvuigari Geometria* 

{. m. 

Quod G. afTymptota DR, DP angulum obturumF/^.21 
RDP comprehendant , demittatur GF, quae fit per- 
pendicuiaris aflymptoto RD produ£lo; difFerentia re- 
€larum GD , ac DF erit tertia proportionalis ad 
TE, & DT. 

Quoniam anguli TEY, FDG funt alterni, ideo^ 
que aequaies , eruot trigona TEY, GDF fimiiia ; 
confequenter TE — EY: TE:: GD — DF: GD, 
feu DY: TE:: GD— .DF: GD , & permutando 
DY: GD — DF:: TE : GD ; proindeque 2DY 

erit aequalis differentiae re^aium GD, & DF. Qua- 
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inobrem DT3:^GDxDY = 2DE)<DY=:iDY x 
DEsDExCOD — DF). 

|. IV. 

Si defcribatur Paiabola Apolloniana G^ , cjuijus 
vertex G , & parameter tertia proportionalis ad latus 
potentiae Hypeibolac TE, & dimidium axem tranf* 
verfum TD; tranfibit Paraboia pcr punflura S, nem' 
pe interfeaionis tangcntis vcrtjcalis Hyperbolae, & 
afiymptoti • 

£r 
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Ex pan£lo S agator re£la SV imnnalis re£!ae SG, 

qtiae occurrat afTymptoto P D produ£lo , & deniitta- 

tur perpendiculum S A . Qupniatii re£lae S V , T D 

funt paraltelae inter fe , erunt DG, DV inter fe 

aequales; erit quoque re^a DF aequaUs re£lae DA, 

^a triangula GDF> SDA funt aequalia , & fimi. 

iia. Quare re£la AV erit aequalis fummae re£bmmi 

GD, DF; proindeque SA = GAxAV.sr GA 
^(GD-t-DF). At vero fumma re£hirum GD, DF 
cft tertia proportionalis ad T£, & TD ($.1.;, fea 
parameter Parabolae GX. Igitar Farabola GX tiaa* 
fit per pua£lum S* 

^. V. 

Si Hyperbcda eft aequilatexa , FaralxJa tranfibic per 

£an£lum S, fi parameter fuerit DG; quaadoquidem 
oc in cafa tcjla DF evaoefcit» 

. ^. VL 

Figai» ^'^ Aocb aogatos afiymptotoram PDR obtufus ; 
Farabola G X , cajus apex G , & parameter tertia 
proportionalis ad T£y & TD, tranbbit quoque per 
pua£lum S. 

Re£lae GD, DF aeouantor re£lts DV, DA, qoia 
DT> & VS funt parailelae inter fe , & triangula 
DGF, DSA funt aequalia, 8c fimilia. Quamobrem 
VA erit aequalis differentiae reftarum GD, ac DF; 

confequenter SA=:GAxAV = GA)((GD— DF). 
Sed GD— >-DF eft tertia proportionalis ad TE, & 
DT(^.IIL). Ergo pim£lum S eft in Parabola GX. 

^. VII. 



.1 
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Quadratum femiaxis tranfverfi DT Hypeii>olae fca-F/^.io. 
lenae, five aequilaterae KTH aequatur dimidlo qua- 21*22. 
drati femiordinaue Parabolae DG, feu DS. 

Sit primo Hyperbola KTH fcaleoa, ^ujus afTyni. Fi/.io, 
ptota DR , DP angulum acutum comprehendant . 



• <■ 



Quadratum DGr=GDx(GD+DF)( J.IV.), feu 

DG =GD+GDx DF. Quoniam vero trigona TE Y , 
GDF funt fimilia, erit TE: EY:: 0D : DF, & 
permiitando T£ : GD:: £Y: DF; proindeque re- 
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3a £Y erit dimidium re£lae D F . Quapropter DCs 

^DE^^^DEx^EYs^DE^^zET+^DExEYss 

2DT; confcqnenter DTrrjDG, 
Quod fi Hyperbda fuerit aequilaterjt) angulus GDSi^^^«22e 

reftus erit, ideoquc DS = DT+TS# At vero DT 
aequatur xt^zt TS, quia anguli SDT, TSD funt 

m^% 'mm^% ^% 

aequales inter fe. Igitur DS r=: aDT, & DT =r 

^DS. 

Sit denique angulus aflymptotoruni PDR obtufus.Fi^.2i. 



^2 



DC=rGDx(GD — DF)(^VI.), ideft DG = 

GD — ^GDxDF. Deinde, quia triangula TEY , 
GDF funtfimilia, erit TE: GD:: EY: DF, con- 
fequenter re£la DF erit dupla re£lae EY. Quare 

DC = g1) — GDxDF = 4DE — GDX2EY=: 

^D^E 



ijfl^ 
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2D£«f-2£T»4DE)(£Y = 2DT > proindeqtte 
DT=tDC. 

i vnr. 

Fig^t2* Si '^tu^ S*!^ potentiae Hyperbolae aequilateiae 
KTH producator ufque ad Paraboiam GNS ; erit 
applicata £N aequalis femiaxi DT^ (eu TG. 

Eteaim quadratum £N aequatur re£Uogulo ex 

EG in GD (^•VO* Atqui etiam quadratum TG 
aequatur redangulo ex £ G jn GD« Eigp ENaequa. 
tur reftae TG, feu TD* 

f IX. 

Fig.ii. Sit carva BTQ fHyperboIa cubica y & aequilate*' 
ra y cnjns tangens verticalis S T G , fitqae N M quae- 
libet appiicata; fi accipiatur GK in afTymptoto DP 
aeoualis NM, atque ex pun£lo K eievetur perpendi- 
cufum KH aequaie lateri T£ , defcribaturque Para- 
bola Apolioniana GF, cujus apex punAum G, quae- 
que tranfeat per pun6lum H : erit quadratum (emior- 
dinatae DF aequale ^tio interminato MNDABM. 

Quoniam fpatium M N D A B M aequatur 3 T £ : 
NM, erit NM: iTE:: t1e: MNDABM. At 
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vero ex proprietate Paraboke eft G K : G D : : K H : 

DF, ideft NM: aTE:: TE: DF. Q.uare TE : 

— » —1 
MNDABM:: TE: DF, confequenter quadratmn 



« 



DF erit aequale fpatio Hyperbolico MNDABM. 

§. X. 



% 
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§. x; 



Si abfcifla DN fuerit aequalis duplae DG , fpa-F#g.24» 
tium interihinatum MNDABM erit aequale qua- 

•—2 

drato DG. 

Methodo praecedentis §• defcribattir Parabola GHS. 

Quoniam Hyperbola BTM eft cubica, erit TE = 

DNxNM, feu, quia DN = 4TE , TE =^ 4TE 

xNM, & TE=:4NM; ideoque T E =: 2 N M , 8i 
tTE = MN. At vero KG=:NM , confequenter 

KG = |TE ; hinc , cum fit KG: DG:: KH; 

DS , erit ^TE: 2TE:: TE : DS == 4TE ; 
Qjuamobrem DS=:2TE==DG. Atqui fpatium 

MNDABM = pS (^.IX.). Ergo idem fpatium 
erit quoque aequale quadrato DG. 

■ * 

«* XI* 

Quapropter parameter ParabdUe GHS erit refla 
GD; & pun£lum K erit focus ejufdem Parabolae , 
quia KG = ~TE = |:DG, nempe quarue parti 
parametri . 

J. XII. 

Tangens verticalis SG fecat bifariam applicatam 
HK, itidemque MO parallela aflymptoto DN. 
Quia RK eft parallela lateri TE , erunt trigona 

F TEG, 



TEg , RKG rimilia , confequenter TE: EG:: 
RK: KG. Sed TE = EG; ergo etiam RK = 
KG. At vero pun6lum K efl focus Paraboiae ( $. 
XI.), ideoque KH eft dupla KG, ieu KR; quare 
HK fe^ efl bifariam ia pundo R a tangeote ver- 
ticaii STG. 

Praeterea MN =iTE ($.X.) , ideoque etiam 
KR = iTE. Sfd TE = HK; igitur KR=:^HK. 



§. XIII. 



1*- 



QuacTratuin applicatae Parabolae KH ad quadra- 
tum applicatae Hyperbofaie KP eandeoi habet ratio- 

nem ^ quam 3 ad 2 ; quadratum vero £ Q^ eft du« 

plum alterius £T« 



2 



Nam KH = KGxGD ( §. XI.) , feu KH=: 
iGDxGDrrfGD. Dein TE=DKxKP , ideft 
EG==|EGxKP, & KPmEG: |EG = fEG. 
Quapropter erit KH: KP:: iGD(=:EG) :|EG, 



—«2 



feu KH: KP:: 3EG: 2EG:: 3: 2. 

Deinde EQ=EGxGD==2EG, & ET = EG; 
^uare EQ^: ET:: 2EG: EG :: z: i; ideoquc 



£q.=:2ET. 



§. XIV. 



Fig»2^* Sif modo etiam Paraboia GS fecuadi generis, cu* 
yas parameter GD , fitque TC tertia pars lateris 

TE, 
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TE, & CM parallela afflymptoto DN; fpatium Hy. 
perbolicum intermiaatum MNDABM «rit aequale 
fpatio Fatabolico-cubico DSG. 

Etenim fpatium DSG = |DSxDG = f DQ = 

|x4BG= jEG. Spatium vero Hyperbolicum 

MNDABM = 2TE: MN = 2EG: MN. At ve. 
ro Te = jTE, ideoqne CE = fTE = |EG = 

MN. Quare fpatium MNDABM^aE^G: MN=: 

— j — » 

2£G: fEG = 3EG; confequenter fpatium DSG 
aequatur fpatio MNDABM. 



F 1 OPUS- 



N. 



V 



Tab,nr. 




r. 






1 

i 



\ 



/ 



f 

i 



t 



.(' 



/ 



45 



M III. 



DE QUIBUSDAM CURVIS SUPERIORUM 

GENERUM • 




OnnuUasi Gurvas, quas ex varia fe* 
micirculi, atque re6laruna collatiooe 
inveni) hoc in Opufculo palam fa- 
cio, ex quo ingentem numerum ea- 
rum^ quae ulterius poflent inveniri^' 
fimulque facilitatem eas reperiendi , 
quifque dignofcet. Has tamen indico 
folummodo , (impliciterque expono ; quandoquidem 
earum defcriptiones , incefTus^ proprietatefque quiiibec 
novarum rerum Amator ope analytici artificii repe- 
rire poterit • Pulcherrimis , utilibufque fymptomatis 
procul dubio hae praeditae erunt y ex quorum dete- 
«ione refolutiones quorumdam Probiematum y quae 
defiderantur, forfan pendebunt. 

§. f. 

Erigatur in femicirculo ABR quodlibet perpendi- F/^.2(5^ 
culum DB, & tali pa£lo div^datuf, ut fit AD: bR:i 
DB: DP; oportet determinare locum , in quo funt 
omnia pun£la P eodem modo inventa. 

Sit diameter circuli AR =2:2^, abfcifla RDzrx, 
& femiordinata D P = ;^ ; erit AD =: la — x , 
& DB =: V{ 2ax — x»;,Quare AD;DR:: 

DB: DP, feu 2a x: xi: \/( 2ax . — ^ x* ) ; 

yi confequenter xV( zax — >:^)x:z,zajt -> — x/i 
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x*y,(zax — — x*) = ( lay — Jf> )* , x3 ( 24 
— * ) =/*( 2a X )*, x3r=2tf_y» — x^», 

& *3+j'** -^ 2(1^* =0. Quaproptcr locus pun- 
6lorQin P eft Curva fectindi generfs. 

f. n. 

Si normalis DB extrema , & media ratione fe* 
cetur in P, ita ut fit BD: DP:: DP: PB ; locus 
pun6loram P erit Curva tertii generis. 

Etenira erit PB = v^ a«* — . x* ) y; con- 

fequenter , quia PD =:: DBxBP , ^^» =r V( 2«x 

*»)x(\/(2fl* *»)—/) == 2«* «» — 

yVi^ax-^x^)^ jf* — 2ax^«x*r= — yy/{^ax 

**),/♦-— 44X>*-4*44*X*»H2>»X» 4«x3 

+ x*=2«x/» — x»/», X* 4iix3 + 3jfSx»4* 

4a»xi — ^djr^x-i- /♦ =0, quae ad Curvam ter- 
tii generis pertinet. 

Quod fi perpendiculum iDB cali pfiflo dividatur ia 
Pj ita ut fit DB: BP:: BP: PD; crit quoque lo- 

cus punaorum P Curva tertii ordinis . Nam B p = 
BDxDP, feu (\/(2«x — x»).-^)»=>\/(2«x 

*»), 2«x X» #2jr\/(24X — x*)-H/»:=r 

yy/( 2ax x* ), 2<»x x» ^y^ z=:z^yV{2ax 

— X»), & 4aSx»+x4*|-^4 4<IX3 2X»/* 

*h44xj'*= i8ax^» — i>>»x*, ideft x4 — 44x3 
+ 7^*x*+4a*x» I4ay*^x-^ y* z=zo , 

5. m. 

Agatur modo in femicirculo quaelibet chordaAB, 
}uagaturque B R , atque ex pun6lo B demittatur per- 
pendiculam BD , fiatque DP quarta proportionaiis 

ad 



47 

ad AB, RB, & RC; oportet invenire locum pun- 

ftorum P. 

Quia AD r= 14 — x, & DBr=v/(2«x— x»); 
erir AB =r \/( 4«» — 4^rx + x* 4-2ax — x*)=: 
^/(44* — 2AX ) ^ & BR = \/2^x." Quare 
\/( ^a* — • 2ax ): \/2ax: :a:^; &4\/2axr: 

>\/( 4^* — 2ax)^ 2a^x znz/^a^^y^ zaxy^^y 

4»x =: 2 ay^ xy'^^ y^x J^ a^x—^ 2 ay^ ^0> 

quae P^rvam fecundi ordinis definit. 
Sit DG tertia continue proportionalis ad chordam 



*^i 



BR, & radium CB.. Erit igitur CRrrBRxDG, 

«7~r=: o, quae ad Curvam pariter fecuadi ord^nis 
pertinet* 

$. IV. 

Producatur diameter AR in K , ita ut fit RKF/g.27. 
aequalis radio CR, & ex punflo K agatur re£la 
KB , quae occurrat cuilibet circumferentiae pua6lo 
B , deinde accipiatur DP quarta. proportioaalis ad 
BK, KR, & RD; locus punftorum P erit Curva 
fecundi generis . 

Quoniam RK = RC, erit DK =* + «; ideo- 

que BK =: BD + DK = 2ax — xt + x* + 

2ax + a"« =4«x + «», & BK = \/(4«*+a»).' 

QuareeritBK: KR;: RD: DP, feu\/(4«*^+«»): 
«:: x: yi confequenter <fx =r /v^^ 4«-*^ + 4* ), 
««X» z^ ^axf^ + a*^* , ax^ ^^**-* «Jf* 

Sit DP quarta proportionalis poft KR, KB, & 
RD. Erit a: V( ^ax + a*):: **. >, & xv/C^^^f. 
+ «») = «7 , fl»j'* = 4axi + a*x*, 4-?c3 + ax* 



\ 



4« 

ay * rr: o ) quae ad Curvam fecundi ordinis fi- 

militer fpeftat. 

Fiat BK: KD:: DR: DP; erit 1/(4^x^ + ^1*) : 
^ + x : : X : y; ideoque ^x + x» zrz j^v^C 4^^+«*)^ 
a^x^ j^ 24x3 + x* rr: 44x^*4* 4*^*, &x4^ + 
2 4x3 + 4*x* — 44^*x — - a^y^ irro • Quare 
locus punflorum P erit Gurva tertii generis. 

Si vero fiat KD: KB:: DR: DP; erit 4 + x: 
\/( 44X + 4» ): : x: ^5 confequenter ay + x^ =z 
x\/( 44X + 4* ) ^ & 4*^^* + 24x^» + x*^*'rrz 

44x3+ 4*X*, 44X3 y^x^ + 4*X* 2 4^»X 

..^ — 4»^*=: o, quae ad Curvam pariter tertii or- 
dinis pertinet. 

Sit denique DK media proportionalis inter BK, 
& DG ; emerget 4»+ 24x + x» r=: yV( 4ax 

+ 4*)^ & 44+ 443x + 44*X*+ 24*X*+44X3 

+ x* irr 44x^*+ 4*^*5 x4+ 4^x3 + 5tf*x* — — 

44^*x -t- 44 3x — 4»^* + 4 4::;:;: o. Igitur Curva 
pwnftorum G eft tertii gcneris ^ 

Ex punfto K erigatur norraalis RH, & fiat KR: 
RH:; RH: DP; locus pun£loruin P erit Curva fe» 
cundi ordinis . 

Etenim KD: DB:: KR: RH, nempe a + x : 

y/(iax -r— x^ )',: a: : = t^ti^ 

uapropter a i -^ • : : ; : y ', 

ideoque ay r= — r; — » & «J* ( « + ^ )* == 

2d3x «»x»,/x»'+ «X» + zayx 2a^x + 

^*'^^^^* Sit 
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Sit DR:RH::RH: DG^ fea ^. f ^^C^^'""*') . 

il + X 

tf + x ^ «* + 2tfx + x» 

& a^yx + zay^* 4. ^x? rc 2a3x — 4*x*, jfx* 

^t ad Curvani iecundi generis» 

Fiat KH media proportionalis ioter DK^ & DO^ 
Quoniam KD:KB: :KR:KH^erit a ^xx 1^(44 x 

+ 4»):: a: -^ ^ ^ = KH • Ouare 



4> za*j/x + #jfx* .f4 4»tx +. laj/x* + jfxi 3s 
4i3jf ^. ^a*Jx J^ $ajx*4' /** > & /*' 4» J«7** 
+ 3«*7* — 4«3* ^ii aiy — a^sssOy per ^ttam 
Curva tertii ordinis defiaitur. 

Sit taodeni DP aequalis perpendiculo RH . Erit 

aV(la3t — x*\ 
itaque i i^^.y af + *jr =s 

■tfVCzax — ^»), & a*j* ^iay*xJ^j*x*=z2aiit 
a*x*<, y*x* -^ a*x* ^ %ay*x- — za^x-¥a*y* 

= o . Quare pun6la P dant locum Curvae tertii g,e- 
neris. 

«. VL 

Sit D£ perpendicularis re£hie BK, & DP aequa- 
lis eidem perpendiculb D£; punfla P erunt locos 
Curvae tertii geneiis. 

Quoniam trigona D£K, DKB funt fimilia, erit 
KB: BD:: KD: DE, ideft V(4«x + <i»):\/(a«* 

G 



i 



<o . 

- '*) = = '>*-= v(4-xH-.') ^*"" 

b„„ , = il+^illiiil^), ,y(4«4..-) 

=: (tf + x^v^^xa^f -^^^*)» &4'«;'**+ aV*= 
/ a*+ 2 4X + X* )( aax — X» ) = 2«5* — • 

4»x« + 4«*x* — • :2axJ + 2tfx3 : — x4 ±r2«3x 

+ 3 4*x» — •x*, X* ^3«»x*4-4a/*x W2<iJx 

+ (».*/* ;^ o • . ■ ' 

6. VII. 



Caeterum advertendum , quod fi producatur KB 

ufquc in Q.» ea omnia, quae dixiraus^relaitead |)un- 

ftum B, eidem quoque pun^o Q oonvfoire ;^ vqw 

.hac^ratioBe omnia pun£la, quae ad Curvas pQrttoent, 

«eadem conftrufiUone .invepientur. - > f • < -'^ 



r;. • .. 



§. VIII. 



« • • f ' ■ 

j?;- j8 Ex diametri extremitate R engatur indefinitum 
** 'perpendicutiSnt R-K?, ag^urqae quacriBet reaa AK, 
.& fiat AB : B K : : K R : J>h \ oportet determinare 
iocum "puhflorum !-'• ' 

Quia triangula ABD, /^JC.R funt fimilia , erit 

V j^g: BK:: AD: DR, ideoqiie AD: DR!:: JK.R : 

DLJ & DR: AD:: DL: KR, feu x: 24 — x:: 



/• - 



*'*-'' JL? ::= KR. Quarc AD: DB : : AR: 



X 



JLK , ncmpe 2« — x: V^ 2«» ---. je% ):: 24; 
' — ; confequenter la, \/( 2<?e i— x») :a 

Xltf' X )( %ay xy ) 

-< i . ■ ' • ■ •■' ' " _" ■■' ■■■ , ^«xv/^atfx — X») 



='ji»( 2a — * )♦ > 4«**' =: /« ( 2« — x)' 

y*xi + 44»x3 — - tf*ji»x*.4* i;ia»^»x 8ttf3^_» 

r= 'O, quae ad*'Curvam quarti generis\pertinet « " 

Sit modo AKa K R : < D R ^ DJ> : Quooiam AD^ 
AR:: DB : RK, feu za — x: zar: Vi2ax-^K*): 
zaVi2.aK.A — X*) . _*' ZaV^Ciax- — x») * 

— ^, entRKrr: ^u— i-^ — r 9 

.ia — * a^ X 

& AK = 1/ ( 44» + 3--J_^_ ^_^ >. Igi- 

•^^ (2« — x;» -^ 

X r {' ' ' 4«*( 2 «*—*■*) N 2a\/(2«*— jc»)* 
tur l/ l 4«»+lL-,i xT-^y: — ^-^ ' 

^ 2«x\/( 2 4X .1 Jr"» ) 

::*:>, & ^ ' =/ 

24 — X 

(-»4.. * t •"^l^* »«»■•<» ^ ••*. 
*'** .t x« — , ). h 

4a»x»(24y — X*) Z' 4a»(2ax— x*) ^ 

fra-x)» r=*'^*\*^^'+ (2a-x)* -^' 

4«*xt' -• >' y -•'*;•• 4a»x : V •''' 

;p: =>•( 4«*4.-2 ' 1, 4«»*» = 

/»{'6a»— ^ 4f** "I* 4«*^ ) » 4<^x»;=3s 8ui'/*» 
k3 ^ 1«/* c= o; proinde^ue Gurva pun£loruffl P 
eft fecundi ordinis. 

6; IX. 



- £x icefitiso *€ agjk<ur CM ' paraifel^ re£lxe A K v fiat» 
que AB: BK:: C£: FG; pun^ G eruntio Cur« 

vA-ffecClaiai-griidiisV''! v ~ -' -^ 

Qttoniam triangula CEF, A K R funt fimilia , eiit 
CF: F£:: AR: RK, nempea-^x: V(2ax— x*):: 

G % la: 



5» 

^a: i i = RK , Similiter CF 

a X 

CE;: AR: AK, nempe a — *: « : ; 2« : 



= AK . Jam vero AK : KR:: KR: KB , feu 



:: — ^ 



4a^(2 ax A-*) 4,ax 2 x^ 

- — r- c= _— j ideoque KB = 

24»(tf — x) a — X ^ ^ 

4ax ^x^ 

— . Quapropter cum fit AB: BK::€E: 

a ■ X 

FG, & componendo AK: BK:: CE + FG: FG; 

2«* Aax 2X* 

ent quoquc r Z. _ : : 4 ^, . : • & 

« X -a X. • • y 7 

3«V =r 4«** 2ax*^ A-ayx : — ^yx^ , /jc» 

«|4 ax* — lajix — a<»»jc + a*^ ^: o. 

i 

-§* X. 

Sit BQ paralleU aiametro AR , & AB: BQ: : 
KQ: DP ; puoAa P eodem modo inventa erunt in 
Curva -quarti ^dns • ' • 

Etenim AB : BK ; ? AD: DR , 8e AB t BK:t 
RQ.i (^K ; confeqaehter AD: DR:: RQ: QK, 

Igitur %a-'x:x:: >f(a4x— *»): ^Y V tax-~x* ) 

20, X 

ideoqoe Q^K = — ^-^ — > ^. Quoniam ve- 

ia ~— X- 

K> AB: BQ:: KQ^: DP, erit V(4«»— %ax)\ 

»r\f( atfAf »• ) . ■ , 

*:: ;7; promdeqae /^^(4«« 

w ■•■ii^ «% 



^5 

2«x ) = ^ >;*( 2« — >^ ) 

V(4a» 2«x ) = x»VC2«x **),>»(*« 

*^ )* ( 4«* *«f ) ~ ** ( *^* ■^ *^ )> 

zay^X 2a — - x )3 = x5( 2« x), 2^;»* (>« 

; x)»= x5, & x5 2«/»X* + S^iJ^^X — — 

Saiy* :=:o» 

Sit DP quarta proportionalis poft AB, (^K, & 
radium CR . Erit ita<iue \/{ 4«* — ■ zax } i. 
^V( a.x — x«) ^^ ^^^^ Quare^\/< 4^» 

.( 44* 2^x) = a*af»( tax X*)) Z^J'* X 

( 2a X )3 = a*pc3 ( za — x )^ laj^» { :2^ 

— — X )* m a*x3 , ax3 — 2>*x* + Say^:>^ -*— 

S^^j'* = o . Igitur Cum punflorum P .eft jtjerti» 
gradus. 

$ . XI. 

Ex quolibet puuAo femiperipheriae B agatur taa«F#g«29< 
gens BK) quae occurrat diametro AR produflo in 
K y accipiaturque I>P ceraa contioue propor^ionalis 
Bd GK^ Sc BD; oportet Inveaire locum pun^ia- 
rum P. ": 

Quoniam angulus GBK eft re£^us, eiit GD: GB :- 

CB : CK y ideft a — - x : d :: a: -j — , ideo* 

que GK rr '. Quare 

A ■ X 

xt y.i y/ {^zax — • X* ) : jf ; & proinde 2ax 




«. 



S4 . 

rr: o> qtiae ad- CunFam fecandi geoeris pectiher: * 
Fiat D G media proportionalis inter G B ^ •& D K * 

Qiiia CK =r y erit DK = ^ - a 

. N . a — X a jc . 



f •• i 



2ax X* ^ 24»pr.^ — ax^ 

i4#x =: '■ ^ Quapropter jf» rr ' — , 

4j^* — -'j'*^» =r 2tf»x*-^ '4x» , atque ax^ ^^y^x 
— 2a*x 4- 4^*rr-o; funt igitur etiam punfta G 
ia Curva fecundi ordinis» 



f »' 



F#^.^o. Super- radlo AC defcrib^ttur fehiicirculas AKC, 
dttcaturque qnaelibet refta A B , " & clemittantur per- 
peudicula BD, KH, fiatque AC: AB:: HK: DP; 
iocus pun6lorum P erit jGurva fecundi gradus. 

Jungantur pun£la ByR', & K, C reftis BR , 
KC. Quoniam anguli ABR, AKC re£li exiflunt, 
ercHlt #eftae BR, EC parallelae inter fe; fdeoque 
A B : AK c : A«Ri AC ; A^ Ver6 AR' eft dupla- AC ; 
JgituretiitoAB crifdupla- AK . ^ a^tem AB iAKf : 
BD: -KHj-cfgo^erit ^ti^ue B D- dupla i-eaareKH; 

Quamobrem KH =r ~y/{iax x* ). Jam vero 

AOt AB:: HK:'DP,Trempc arV(4'«*'— z«^): : 
•jV(2tf* ■^x*),:y; confequenter a/prriv^^.Ma? 
x»)j/(4-<i» 2ax)y & a^ji* z=:l(%ax—x*) 

(4«* — i«*)j laV* = 4«'* — 4<»*«c* + 
Mx3y xi - — 4«x* + 4a*x laji* =:o. 



§. XIII. 



i 
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§. xm. 

>. .... - 

^uaelibet re£la KH tangens femicircalQmFjl^.31. 
miaorem CHR, fiatque DP tertia cobtitaae -prdptfr- 
tionalis poft KG, & DB; pttn£la P eodem pa£lo de^ 
terminata dabunt IocurV Curvae fecundi generis . 
Etenim cum fit ED: £H:: £H: £K , feu {a 

, .: ■■■.i>j : ") l':C i; ^ . . / ^% 

— rx: ^a:: i«l '■ — , erit EK:= -, 

a* , a* ax ^ 

$c GK = • — + |<» = — — . Qua- 

24— -4x tf— ~ax 

a* ——ax 



t f 



2X 



: yfCtax — x*):'.y/ (%ax'.^x*): 

f i • - • 

- - ' a *f ' ay x 

/^ideoqueaoy^x^r: > & (2«;?— — x») 

(4 — Ijc) =t «»/ — *J'*> 2a»x— -5tfjc»+ tfti 
zp A*y — ayx^ 2xJ — - ^ax* + «/x +a4*5f r— 
4»/ =0. 

Accipiatur pP ae^uaiis perpendiculo RF. (^uo- 
aiam reflafe* DH, ^F fulit pairallelae inter fe \ erit 
kl): DH:: K^: HF, feu, cum fit KD = KE 

.ED= T'»* * = —Z T~' 9 

24 ^X" <»— 2X 

lAJc— IJf* ' V ** 

- .• v^(4x — X»):: 



4 — — 2 X . f — ~ ^^' 

ili^ifiriflll- . confeauenter RF = 
- a4« — 2x» ? ^ . . • 

^- ■ . ■ ,>/ = ., - ^^ > f Q«»propttr 
24X >.— ax* a4 — ax 

y— i i^y*(%a 2x )» ^=za*(^ax 

**)» 47*(«' — x)»=4»x(4 X ) , 4/»(« 



\ 



5<^ . : 

-*) r=s ««x, 4«jr»ii— 4xjf* rr «**, 4/*x ^* 

a«x — 4<i^»=r= o. Igitur pun£la P pcrcineat ad 

Curvam fecundi generis* 

§. XIV, 

Fig.^il Sint ABR, K£H cluo femicirculi concentricr, 5e 

C B quilibet ra<iius femiciFculi majoris. ; demittatur 

ex puD6lo B perpendiculum BD, agaturque R£ fe- 

cans normalem BD in P.* pun6U P erunt in Ctura: 

tertii gradus. 

Sit RD=x, DP=r7, AR = 2«, & KH = 

2^. Quia CB: BD:: C£.* £Q, ideft a: Vi^ax 

- - tVizax — X») . i 

i— X») :: b: — , erit £Q = 

a ^ a 

X V' ( a * * — X*)* Similiter habetur B D : D C : : E Q.: 

QC, aempe xf^iax-^-^x*): a — *:: — }/\tax 

a 

; — X*): * s=QC. Quare RD:DP::RQ^: 

^ _^ - ,,. ai — i X b ^ 

QE, kilicet x\ jix a — : v^faajc 

a. a 

hx 

u— X*); ideoque — \/( a«<» ^— a**) r= ^/ (i— ^ 

y /x\/(a«x — -?f*)r=««^ — ahj ^ 

a 

hjfXy & lah^xi /«x4 r= tf*^* zhaly^ ^ 

a^h^y^ i+i aia»7*x 2aA»jf»x + ^»^»x* , h^x^ 

' 2ai^x3 + i^y^x^ + zha^y^x — -- Zah^jf^x + 

a^h^y^r--^ iha^y^ ^ a^y^ Z=ZQ* 



OPUS- 



ti. V/Pa^jr^ 
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opuscuLUM rvt. 

DE QUADAM OVALI SECUNDI 

GENERISt 




UoBiain ia Opufculo^fuperiori aequatio* 
Ms dumuxat inveni, qiaae varios Cur- 
varum gradus definiunt j non incoo- 
gruum erit hoc in loco cujufdam Ova- 
lis fecundi geaeris nedum aequationem, 
verum etiam ejufdem iQceiuim, atque 
fubnoritialem inveftigare ^ nt methodiis^ qua Curvae 
cxamtnantur , (idttn Ovali ftcconimodata innfttefcat ^ 
^uaque Curvas ctiaAi fuperius inventas evolvcre &- 
cile eflet « Quamplurima nihiiominus ad praediflam 
Ovalem pertinentia Analyfeos Cultoribus invenienda 
relinquo ^ quandomiidem db implicaus formulas ^ 
quae in iis perquirendis enafcuntur ^ calculo plos 
aequo prolixo opus foret. 

f I. 

Agatur in femicirculo ^B R quaelibet chorda BR, Fig.3 3, 
atque refta QK. bifariam fecetur in H , & jungatur 
RK ; tum ex pun£lo 6 demittatur perpendiculum 
BM) adcipiaturque MP arqnalis chordae RK.: deter- 
minandus eft iocus pun£lorum P. 
. Sit Q^M = if^ MP =/, & QR = ^ii; erit 
MR — 24 — X ^ QB z=z V2ax , k BK =: 
\/(4«« .^ 2A«r )• Quoniam BR kSii ^ ^fat^kiiti 

H in 



J 



5? 

in H, ent iBR = BH = ^^/(4^.-. a4*r); 

Quare QH = b"h + Bq, 8; QH = i/( BH* 

h(l)=V(a* |«* + a^* ) = -1/ ^ 4» o- 

|«x). Quamobrem HQ^: QB : : HR (= BH )• 
RK ( = MP ), nempe V{a* + ^ax): VzaxV: 
V{a* — iax): y; proindeque ^ a/ ( « i + |«jf )1^ 
\/2a*x\/(«* T«^), & «V* + 1«*»*== 

five aax» + p*x _ 4^.* + 2«^* = © • coa' 
fequenter panaa P dant locum Gurvae fecundi «e- 



nens. 



§. II. 



Qponiam ^»eyx + zay* = j^a*x — 2«*», eric ' 

y '. X : : 4«» ^axx ^ay j^ ^xy^ Bc y: 24 p 

x:: 24*: jarjr 4. zay. Igitur femiordinata MP crip 

ad abfcifTam QM , ut quadratum B R ad reaaogu- 
lum ex applicata MP, & compofita ex diametro 
^ * »*^«^"P^* abfcifTa QM : pariter eadem femiordi- 
nata MP ad reaam MR eandem habebit rationem, 

quam habet quadratum QB ad rcaangulum ex.ap- 
plicata MP in praefatum aggregatum. 



$. III. 



Quia y 



» 



4«**^ 




^ \ . ) J confequenter valor femi- 

ordinatae crit duplex, affirmativiis nempe, & negati- 

vus. 



vusy atque iofaper in eodem abfcifrarum pun£lo fe- 
miordinata pofitiva erit aequalis privativae • Quapro* 
pter Curvae femiordinatae infra diametrum QR erunt 
aequales refpondentibus applicatis fupra eandem dia* 
raetrum ^ 

j. IV. 

Sit :sc r=r o; erit zay^ = o, & ^» rr: o , feu 

y =: o , j^ =r o . Quare Gutva fecat axem in pun. 
61:0 Q, ideft ad utramque partem in Q femiordina- 
ta nihilo aequatur. Fiat x = 24; emerget tay^ -{^ 
6ay* =r 8tf3 — S^iJ , nempe /* =r o ; ideoque 
etiam ia punflo R Curva trajicit axem. £t revera 
ponatur / m o^ erit 4**x — 2ax^ rr= o , five 
x^ — ~ tax zrz o; fed x^ — zax rzro oritur ex 
mutua multiplicatione binarum aequationum xrrr o^ 
& X — 2a rzr o; ergo valor abfciffae duplex erit, 
nempe ^ rr= o =rr 24. 

§. V. 

Ponatur x = — 1 a rrr | « ; emergit j/ zny/ -7-^ 
5^» zrr: V — tV*'*^ Igitur fi abfciffa evadit negati- 
va 9 feu major diametro Q^R ^ femiordinata fit ima« 
ginaria ; confequenter Curva ultra extremitates dia- 
metri Q , & R non protrahitur : id quoque ex duo* 
bus fupeiioribus §• §., ficuti ex ip(amet Curvae ge» 
aefi fatis clare deducitur» 

$. VL 

♦ Superradio CR defcribatur femkirculus CAR^ *t*i^fg^*34» 
que ex pun6lo Q agatur tangens circuium Q^A , & pro- 
ducatur in K^ juogaturque KR} tum ex altero R 

H a duca» 



6o 
dttcatur rc£la R B per coBtaBsin A tfMkfienf ^ Sc m 
perpendicub BM accipiarar if£fai PM aequaiis K.&/ 
dico feflani PM tSk maximaoi apfrficacam Curvae* 

Re£lam M P eile femiordittatam Cwvae , ^uam f» 
perius reperimus^ fatis liquet^ cum fit re£la Rfi fe* 
£la bifariam ia A ( §. XII. Opufc. IIL ) • Quod vero 
fit maxima y iic probatur* Quoniam femiperipheria 
CAR bifariam dividit omne^ re^las^ quae ex pun* 
80 R ad dimidiam circunifefeatiam QBR duci pof* 
func^ omnia punfla A erant in femiperipheria CAR^ 
At vero aogulus KQR^ ca^ua latera fimt tangens 
QK y & diameter QR> major eft quocunque alio 
HQ^Ry cu>us crnra func eadem diameter QR^ Sfe 

2uaelibet fecans QH.. Igitur etiam arcus KR exce*» 
et quemlibet alium HR; confequenter chorda KR> 
kfi applicata MP major erit quaiibet alia HR» 



/ 



^. VIL 



Ex punflo contafEus A agatur radius AD. Trian» 
gula Q.AD, Q^KR ernnt "fimilia . Quare QD t 
DA: : QR: RK . Scd DA eft tertia pars reftae 
Qp. Ergo etiam RK,, fett maxiaia ap^icata MP 
erit aequalit trienti diameari QR. Praeterea ciim 
fii)t reftae KR» AD paralldae inter le, erunt aS' 
gttli alterRi KRA^RAD aequalcs ; fcd fuoc quo> 
qne acqualca inter ie anguU RAD, DRA, quia 
AD aequaturreftaeDR; igitur etiaoi aaguLnsKRA 
erit aequalis angulo DRA . Qoare, demifib perpen- 
diculo AL> intrigonis AKR, ALR anguli KRA, 
LRA aequantur^ item K, & ALR,, atque latus 
AR eftcommune utrique trianguio; ideoque trigona 
AKRy ALR erunt aequalia inter fe^ confequetiter 
etiam latus KR lateri LR aeqttabitur. At vero R A: 
AB : : RL : LM ; proiodeqtte icAa RL erit aeqoa- 

tis. 



i 

I 



t.f^^ 
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Hs reftae LM, feu RM erit dupla reflae KR, ideft 
aeaualis duabus tertiis diametri Q^R . Igitur etiatn 
ablcilTa QM aequabitur trienti diametri, Quapropter 
maxima fcmiordinata MP erit aequalis refpondenti 
abfciiTae Q^M. Id vero methodo de maximis & mi« 
nimis amplius firmatur. Etenim differcntiale aequatio- 

nis eft 4aydy + ^y^dx + 6xydy rrr /^a^dx 

j^axdx^ feu J^aydy ^6 xydy^^z/^a^^dx ^axdx 

^y^dx . Fiat af^zrzo; erit j^^a^dx ^axdx 

^y^dx zrr o, 4a* ^ax 3>*=: o, & 

4^* ^ax 4a^K 2ax^ 

y» rrz . At vero y^ rr: 

3 2 a + ^x 

4^1* 4ax 4a^x 2ax* 

Quare ■ = .__-_—— ^ 8 ^ 3 

8a*x^ 6ax^ zzio y x*+|ax=: j^^, xi+lax* 

^ ^ , 8c X = ^ ^: — 4 ^ = I a . Subftituatur modo 
in aequatione valor inventus abfciflae; emerget zay^ 

^ zay^:=: \ai f a3 =r V ^^5 4^>* =z~aSy 

>*= 7«*, 8c y :=z f^=r 7X2^. 

§. vni. 

Quia re£la quaelibet QH binis in punftis V, &S 
fecat femiperipheriam C A R , fecabit quoque bifariam 
binas chordas RF, RE; confequenter applicata NG 
crit aequalis femiordinatae TO, & interfeftiones ar- 
cus CVA dabunt punfta fegmenti Gurvae QGP y 
alterius vero RSA punfta reiiqui fegmenti POR. 

$. IX. 

Jungatur QP, & demittatur perpendiculum VI. 
£t quoniam applicata NG eandem habet rationem 

H 3 ad 
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4d abfcilTam Q.N ^ quam habet quadratum RF ad 
re£langulum ^x fem^ordinata NG, & compofita ex 
diametro Q^R , & tripla abfcifla Q^N ( ^. II. ) ; «rrit 

quoqutf NG: Q^N:: fRF: iNGx(Q^R + 3QNJ.. 
At vero Q^H dividit bifariam reftam RF; igitur 

^RF aequabitur quadrato RV, ideft reftangulo ex 
CR in RI . Quare erit NG : Q^N : : CRxRI: 
iNQx(QR + 3Q^N ) , feu NG : QN : : 2RD 
xRI: NQx ( RD + |Q,N), Atqui reda RI, uf- 
quedum definitur a pei*peridicuIo VI demiiro ex quo- 
cunque puofto V interfcftionis arcus ACj & refta- 
rum RF fegmentum Curvae QGP determiaaatium^ 
major eft re6la RL, ideft RK ($.VIL), quae ma- 
ximae femiordinatae MP aequatur; igitur Rlmulto 
liiajor erit applicata NG, Sed etiam RD ma|or eft 
IQ^N; etenira cu'm fit quaelibet abfciiTa QN ad fe* 
gmentum Curvae Q^GP pertinens minor Q^M, five 
|RD (5-VIL ) ^ erit quoque IQN minor |xf RD, 
leu RD. Quamobrem antecedens zRDxRI major 
crit confequente NGx(RD +• |Q,N), proindeque 
etiam femiordinata NG excedet abfciffam Q^N« At 
vero PM: MQ^:: ZN: NQ^; ideoque cura fint PM, 
& MQ^aequalcs intct fe, ctiam ZN aequabitar ab- 
fciifae NQ. Quare applicata NG: major crit re£la> 
NZ; confequenter fegmentum Curvae Q^GP axi 
QM coQcavitatem obvertit « 

§. X. 

Agantur modo binae reftae RP| & QE# Quia 
fcmiordinata TO cft ad re£lam TR , ut quadratum 



•—t 



Q,£ ad teSlangulum cx applicata TO^ & componta^ 

cx 



ex diametro Q^R, & tripla abfcifla QT ( $. II. ); 
erit etiam TR : TO : : TOx(QR+ 3Q.T): Q^R 
xQT, & {TR : TO : : ^TO x ( Q.R + 3 Q.T ) : 
Q^RxQT, denique |TR: TO:: |TO x(Q.M + 
QT): Q,MxQ.T ( $. VII. ) , feu iXR : TO : : 
TOx(iQM+iQ.T): Q.Mx ( iQT + |QT) . 
At vero Q^M aequatur maximae femiordinatae MP, 
ideoque excedit quamlibet applicatam TO; & quae. 
libet abfcifla Q^T ad fegmentum Gurvae POR fpe- 
ftans. excedit Q^M, confequenter etiam {-Q^T major 
eft tQM. Quare antecedens TOx(|(^M+|qT) 
roinor erit confequente Q_MxQT, proindeque etiam 
iTR minor erit applicata TO. Sed RM : MP : : 
RT: TX, & MP eftdimidium reftae RM(§.Vri.); 
igitur TX erit quoque aequalis 7RT. Quamobrem 
re£la TX minor erit femiordinata TO; & confe» 
quenter etiam alterum Curvae fegmentum FOR ad 
axem MR coocavitatem fle£lit. 

$. XI. 

Quatnobrem tum ex haflenus Hemonftratis , tum 
ex ipfamet Curvae genefi tuto inferri poted, jugiter 
a;xi Q^R Curvam noftriam QVK concavitatem obver- 
tere: ideoque confiderari poteft inftar Ovalis QPRYQ; 
in fe redeuntis, in qua tres reflae MP^^MQ, & 
MY aequales funt inter fe ^ & axis minor PY ad. 
majorem Q^R eandem habet relationem , quam i 
ad 3t 

§. XIL 

Crefcentibus igitur abfciflTis a Q^ ufque ad M, ideft 
donec abfciifa QM femiordinatae MP fiat aequalis, 
crefcunt quoque applicatae, quarum quaetibet refpon^ 

den- 
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dentem abfciffam exccdit ( §. IX* ) ; ^lt^^ vero pun- 
ftum M crefcentibus abfciffis femiordinatae minuuntur, 
iifdemque minores evadunt. 

$. XIII. 

Fig.^^. Sit refla MP quaelibet applicata Ovalis; produca- 
tur diameter RQ. in B tali pafto, ut fit QB aequa- 
lis IQM, & defcribatur femicirculus BFR; tum di- 
vidatur bifariam abfciffa QM in N, ex quo erigatur 
normalis NF ^ & applicetur in minori femicirculo 
QKR refta Q^K aequalis chordae BF, jungaturque 
KR ; deinde ex punfto R elevetur re£la RD perpen- 
dicularis diametro RQ, & acqualis reftae RK , at- 
que protrahatur diameter RB donec fiat BA aequalis 
fegmento BQ^, & jungatur AD; tandem accipiatur 
MO aequalis radio QC, atque ex O agatur OE 
parallela reftae^AD, «rigaturque ex punfto E refta 
E G perpendicularis re£lae O E : dico reftam G P cffe 
Curvac normalem in punfto P. 

Sit DL, quae occurrit diametro QR produftae in 
L, perpendicularis reftae AD. Quoniara re£lae OE, 
EG funt parallelae reftis AD, DL, trigona OEG, 
ADL erunt fimilia; confcqucntcr OM: MG:: AR: 



— 2 



RL. At vero AR: RL:: AR : RD (= RK), 
quia tres reftae AR, RD, & RL funt in continua 

•—2 

proportione geometrica • Quare O M : M G : : A R : 
RK . fed RK = QR — QK = QR — BF 
=r QR — BNxBR. Igitur erit OM : MG : : 

AR: QR — BNxBR. Quamobrem cum fit BQ 
= |Q.M = |x, QN := iQ,M = ^x, & AQ. 



t 

2x ( ^x+za ) y kt^ ( a<r+ jx )* : 4^» — - 
jx* — • 4ax : : a : MG ; proindeque MG ::= 
4^3 — 3^»^ 4A«x . 

£rgo MG aequatur'—^, nempe fubnormali^ confe^ 

ax 

^uenter GP erit perpendicularis Curvae in puni5lo P; 
ideoque (I agatur per pun6lum P nortnalis eidem re- 
Aae G P y ipfamet Ovaiem continget in punflo P • 

9. XIV. 

Si re£la B F emerget aequalis diametro QR ^ tunc 
fubnormalis MG nihiio aequabitur, ideoque tangens 
erit paralfela axi QR : id autem accidet y cum ab- 
£:ifla fiet aequalis trienti diametri Q^R y quo ia cafa 
maximae femiordinatae refpondet* 

Verum (i re£la BF fuerit major diametra QJBiyFig^iS. 
^uod eveniety quoties normalis ducenda eft ad aite- 
rum Curvae fegmencum ultra maximam applicatam , 
tuoc accipienda eft re£la RS aequalis eidem reflae 
BF^ & in femicirculo SKR applicari oportet re6lam 
S K aequalera diametro Q^R r caetera vero perageji* 
da funt ut in §• XI IL Proveniet enim MG s 
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3- 2 ^ — Z — . At vero recta lubnormalis 

4^3 — 4tf*x — 3ax* ., 

aequatur ^^^ — ■^ r— ^ , nempe eidem rc- 

ftae M G 5 fed figno privati vo afFeftae . Quare ex 
parte oppofita rumenda «ft re£la MH aequalis reflae 
M G • Si igitur ducatur H P , haec erit normalis Gur- 
vae in pun£lo P« 
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